
 

2 Thequantized scalar field

Construction principles for a Lagrangian

Specify the fields the theory shouldcontain the symmetries underwhich

it should be invariant

Build L as a sum of products of thefield

I go 054

suchthat S is a Lorentz scalar and invariant under all other postulated

symmetries Include all such terms in L up to mass dimension 4 or a

specified number 4

I must contain derivatives of 4 2nd Otherwise there would be no

dynamics i.e TL 65 0 and fix is not a physical dof



2 1 The real chermitians scalar fields

2424 is thesimplest Lorentzscalar which contains 2nd

L o tout and
has mass dimension I I 23 I 3 1

The most general Lagrangian is of theform

toutsup Ved

A Lagrangian of this form describes the Higgsfield in the San

V the potential term does not depend on 2nd One could add

higherorder kinetic terms such as k I 2m24 2m24 but this

is admissible only if the theory is interpreted as an effective QFT

Usually V14 is a polynomial in 4

V14 No Rip Im't't 43 It p t

Ro is irrelevant for the dynamics since it drops out in the E L eq

R can be removed by the field redefinition 4 4 helm

Im I IN I IN 0

The canonically conjugated field is I p 4
The E L equation reads 2294 day o

or c Ttm'slot 4 344 o

Inlinearterms self interaction



2 2 Freefield creation and annihilation operators

A field theory is called free if I contains only bilinear field products

Here so tampon'd Im't costmiso o

Taking the Fourier transform

cap e ftp.tlock e f d'p

Then Icp t satisfies

ca'tmi f dipcamp e I ftp.t

ftp.t tipi m'Jei5 dope

Foreach value of p ftp.t solves the equationof a harmonic oscillator vibrating

at frequency Wp dip m

Thegeneral real solution to the KG equation may be expressed as a linearsuperposition

of simpleharmonicoscillators each vibrating at a differentfrequency with a different

amplitude
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define quantumfields as integrals over creation and annihilation operators for

tix f d'sat d up e Ap te't apt i

ap af C number apt apt q number

Note that the operators ap Ap are independent of time fix is a solution

of the K G equation provided pm cpo p satisfies p em that is

po Wp m't i



Inthefollowing we use the shorthand ay but always remember that ap is labelled

by p not thefourvector pm since pois fixedthrough p up dm'tp
Gcses These satisfy the canonical commutation relations Forthis to betrue Ap

and its adjoint atp must satisfy

Iap Atp at O p pi

I Ap Ap atp atp o

Verifythat with s the field commutation relations are indeed satisfied

We first compute

I goes pays f d
mpg

I e it ay te't atcat f aye
I I e itYap te't'Tafdifferenttimes Xyo

e it tip'scap atp eip.sc if.y
x I atp Aps

J d
cat aw

I e P Y e ip ex y

I
insert xx

The commutator of two fields has a simple structureI A ex y as a c number

I getRs Gct j J Ack Y ago t

cat aw
I e EY e

i cityJ d
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substitute p p in the 2ndterm

I getIs That.y Kyo Ack Yiyo xo

Saying I e it
Y ctips e c ipo yo

f I eip.cig's e ifcity

is s e y

IThThyoyo vanishesby similar argument as I 4 4 yo so



We can prove the moregeneralstatement I 400,41g o whenever ex y co

i e x y are space like separated

can aw
I e P Y e ip ex yProof Acey f d

Here fifty f if Ocpm's ops is Lorentz invarant

Aex y is Lorentz invariant we can evaluate it in any convenient

frame

Since ex y c o we choose a frame where ko yo o and

ex y IE g't c o

The statement thenfollows since we already computed theequal time commutator

Measurements at space like separated points do not interfere a consequene of causality



The Hamiltonian of thefree theory
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Apage it 8x aptaqeip.xtiq.sc
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IS any I apap e Ptcwptipi'tm's aptay witipitm's

If upcaptap apart

Wp IP m

IS pup tapapt tap apt

S d'tcat Wp I aptAp I Cats a co

numberoperator formally infinite zero point energy
because infinitely many d o f



We will simply drop this infinite term

Casimir force

Dropping the zero point energy is therefore equivalent to moving all creation operators

to the left and annihilation operators to theright

Normal order all the ap are to therightof all the apt

N I Oise kn I tix dean

eg Nc apartAq artapaq

So for the Hamiltonian we could write as

Nc H H f dipcat WpAptay





Themomentum is the Noether charge of translation symetry

pi Sdx TL2 4
pi

or D fac y y

I d 2

In terms of creation and annihilation operators the momentum operator is givenby

P Sd'x f it c is f doo
at d aWg
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ayage P tie aptaqteipxtiq.se

f dipcap I Papap e wet p aptap papa paptageism
vanishes
Coddinp

Inishes
coddinp

aptaptcommutatorterm
but it vanishes
there is no zero point
three momentum

it paptap

Note the similarity with H

Now
pips Sgt Bakaraptto

Atp Art 2938 É P
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p aptto Pip

Hence Ip is amomentum eigenstatewith momentum p

Also Hip WpIps

Hence Ips describes a relativistic particle with mass m momentum p and energy up



We can create multi particle states by acting multiple times with at

N particle state I pi fa pix Apt Apt Apt to

To count how many particles we have of a certain momentum we introduce

the number operator N

N f dsp2kg3 Aptay

Eg I Np is a state consisting of Np identical particles with momentum p

1 Ny at note 113 I Ip
Nup
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it is easy to show that N Ing NpINp
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IF
by commuting ar to theright until it annihilate

on the vacuum

NpInp

So N simply count the numberof states at momentum p

A multiparticle state consisting of many particles ofdifferent momenta can be

represented as

I ne ne npm It
Capt fi

Nnp
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Then the number operator N acting on this multiparticle state

Al I npnp npm 51Nyi INpNp npm



Note that the state is automatically symmetric under interchange of any two

particles Hence thescalar field describes bosons

Define the Fock space as thedirectsum

I PI Hm

1 An I41gH
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H_ H single particle Hilbert space
J

HN N particle

The number operator commutes with the Hamiltonian I N H 0 ensuring

the particle number is conserved

When we consider interactions that create and annihilate particles interactions

take us between the different sectors in the Fockspace

Although we refer to the state 113 as particles they are not localized in space

In QFT neither text or ap are good operators acting on the Fockspace They are

operator valued distributions rather than factions

One can construct well defined operators by smearing these distribution over space

Eg a wavepacket

19 f d't e ipe253 Yep 113
I
Eg yep e

fit
localized in boy
position momentum

space

Relativistically normalized momentum states are Ip dawgapt107

These states satisfy plq 2k 2Wp8 pg
The completeness relation for the one particle States is

I SIF Ip pl


