2. The %uav\t\‘zco(, scalay  field.

Construction yrm.c:»plu :for a laj-ranjm‘an_
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2.

Tim. Yecx.l, < hevmitiand  Scalar j:eld,s.

"¢ 3P i the simplest lorenty scalar, which contains Y
L—) L o La¢ dd

L—) ¢ has mags dimenason 1, L2 T:=L[xl=12

The most Se.neml. Lagrangian s of the form

L= T34 - Vid)

A qutqnjﬁm of thic Form describes the Higgr freld 4 the SM

does not depend on P . One could add

\Y} the ?otev\t-‘al term
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2.2 Free freld , creation and anihilation operators
A ju‘eld. -H\eor:’ s called free | 5 £ contains M‘:S bsleneav freld  products .
Here Lo = Lamgg - Lim' ¢ 2 (Femdrd =

T'qh\‘nj the Fourter +transform

Thaw FcB,t)  satis fres
gl )
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For each value of F, ¢cF,t) solver the eguation of « harmonic  oscillator vibrating

ot fvegu.zv\cj IU?=JI-?I"+WC
The jzv\em( veal soluttom. to @ RG eguation may be oxpressed @S o Fmear superposition

of smple harmonie oscillators ) each v-ibva.t\‘nj ot @ differeat \-frqguuc: with o d’ff erent

amplitude.
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‘Po = \U? =-J m"{-l'?lt_



In the follo-az‘vs we use the ghovt-hand 0p but al.qus vemember that 0p s Labelled

b\t’ '? , not the four vecter $M , since P° i fixed through P°= w,-J v B

$ex) , T satisfy  the canonvcal commutation velations . For this to be twe. 0g
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We can prove e more 3enerql statement [ 0, ¢plz0  wheever cx-yo'co
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A""ﬂ) X loqu\ta - Tmvavaxat |, we can evalvate Tt W any  convenimt

fr«ru. .

Sance (x-:[)x< o , we choase o frame where x°-3°= andl

The statement then ;fol,lows , Since we o.l.ve&d:s Computed the equl-ﬁmz, commutater

Measurements at space - fike coperated points do not nterfere, Q@ Conseguene of causnl"ts.
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We will simply dvop this anfinite term.
(8 D)
Casimir Force

Dropping the zavo-point energy is therefore eguivalent to moving all creation ogperators

to the Le,ft and, annthi lation oferators to the n‘jkt.

Noymal  order : all  the Op ove to the n‘skt of oll the 0;
NI dex) - P(xnd] = & ¢ex)-- $p(Xad;
+ +
eg. N« Qp On Qg) = Qp Op 04

So, jor the Ho.m‘l.-wm‘an, we could write as

: d :
NcH)Y = :H: = y(amﬁsw,aj,a,



2.3 Quante of +the scalar field, and particle states.

We need. to ~dentify the particle states or guante of de field. Althowgh
we think of elemv\{-aﬁ ?uta‘cl,es as  focalszed often  Point - Lehe. | ahjects , ¢ s
more natural <o  thinh of guanta a5 guata of enerdy of @ Partide with
definite momentum . For ~wstamce, a hoton. with Momeatum —?:‘Rﬁ has enevgy
Ep = l? lc.
To construct +the Hilbert space , we assume that there s a state -vector |0) n the
Hilbert space , which satisfies
0gloy = o v ¥

lo> as calledl the vacuum state, with <olo> = 1.

" )

Now define
14> -'-Jl'“’j» Q; lo)> [ saclude a rzlth‘v?stn‘cau\n‘ normalizatton factor

Seq peskin  Pa3 1

01, o now, ? s Ml3 the Feurier - conjugate vartable to ® n the solwtion of the K.C. eg .
and cayraes na fkjsccul. -i-\ter?rcfo-tl‘om . We now Prove thet the state (P> 7\&5 momentum
F s momentum andl energy Wp: m‘ . This Justifies the “wterpretation of 3

as momenturt ond  of the state P> 05 @ s?rsl_q, guantum of the freld ¢, or a paveide

excitation 1with momentum ? and,  rest mass M.



The momentum s the Noether cl\o.rse, of translation Symetry.
p¥ - yofx T ¢ [av= -2
= - v*
or ? = -j‘dsl- T ?‘P
In tems of creation and annihilation opevators, the momeatum oferator 45 gvven 53
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- - ) ew T TP 20y -f a0y -Fayag -po5age
vanishes , Ukm‘she,;
todd n ?) Codd 4 ?J

:zo_; Q,P + commutator term
byt ¢ vanishes ,

there s ne 2ero- paint.

three momentum

&£ +
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Note +the stw‘lqv?f! with H

Now &
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o’ an + ers 5 R-$)

n

0+ _j\ofk. 57 R-B E ar lo>

Fogie> = Fip

Hence P> W a momentum e-‘de.nsh.te. with momentum ?

Also Hip> = wp 1>

Hence 19> deseribes o velativiste purticle  with mass M, momentwm. $ ard energy Vg



We can create multe- partide states by acting multiple  tomes with af

N 'po:rt\‘cle State : P, B2y -, P> = a;( Q‘;‘ G.;,, lo>

To count how many particles we have of a certatn momentum , we wntroduce

the nwmber operator N :

N = s 4

o B %

)-:.3, I Np > s a state COnsfsta‘nj gf Yl? “dentical ?qrﬁdes with momewtum P.

aly"
ln?> = L?J— (KD note : l?>= I 14>
N ngl!
p !

it 45 easy to show thet : N Ing> = fip|ng

&k cap?
. = at o
See : N In?> oy e k A_T?T_ lo> -
_ Lk + + + (Qp)
= j(r&ﬁ ak ( a-p aﬁ- + [ Qh, Q?J) ’l;"‘! — ‘°>
i
s 8% R $)
= i"é_ ap N . Ing-1> + Qg —LCQUM-lIw
Gy R Qp I P i3 vy
e )
= | r\-P>

b\\j Commuffnj Qp. to the nakt watil ot a.nvl'rh,flote,

on the wvacwum,
= n? [ Y\?)
So, N s:m?lﬁ count the number of stwtes at momentum P

A multiparticle state, consisting  of many porticles of different momenta, cam be

represented. as :

™ + Npe
i (Qp:)
| np, Ny -~ N > = I[I' ows o>

Then the awmber oferator N acting on this mult: particle state

™
N Eng ngy oo > = (3 99) Inp A, - R



Note +hat the state s aute mo:h‘cquj Symmetric wunder -fntercho.nsc of any  two

*Poxt\‘cl,e,s. Hence , the scelar j\‘elo(. describe.s  bosons.

Define the Fock space as the divect sum.
~»
j:' = N?o HN

Hy = H® H ®H -~ ®H H = s-‘rgle. tartle  Hilbert sgace.

“ -/
N times HN = N ‘pn.vt\'cle

The number operatar commutes with the Ham | tonakn LN,H] =0 enswy ing

the particle number 5 conserved.
When we consider interactions that cveate and o.mz‘kfla-tq, particles , Twtevactions
take us between the differeat Sectors i the Fock, sace.

Althoujll. we vefer to the State > as partides, they we not Localized n space.

In QFT, nevther 4>c:x) or @p ave Joool oferators acttng  on the Fock space . TJWJ are

operator valued distrsbutions, vather than Suctvons.

One can  construct well defined oferators by smeartng +these olustribution. over sface .
3 nf <%

Eg. a  wavepachet

£p -FR2
|1?> = PP e ‘;fC‘?J |‘§> [ focatrized <n both
T _M: posttion & momeatum
Eg. PP = e space ]

14> =J2Wy Q; | o>

Relqtfu:‘st-n‘muj nOYma.l-tzea( momentum, Sstates are :
These states satisfy <plg> = axd 2wy s P-P)

The completeness relation for the one-gartile states s

1 = _43_7’_.__ 1p><pl
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