3 If\tefO.th‘nj frelds

Tame evolutfon :

The o(jnqm‘cg of a guamtum -tkeovj ~s  oleteymied Bj dts  Hamiltonien H‘T’»%'t)
The +time depenolence of the matrix clements of any operater

- d z

Lo <yl o 14> = <Yl L oo, I |¢>

r

the commutator s carriedl at time t

For convaenience, H= M+ N N, M ave hermition operators
. d 3 . d_ N
1 I’t— 0 = L[ o, M] 1TqE I"-}(t)) = 14

»
sepavate egs for time evolution of states and operators,

Qc)\r'o'o(inje‘r -P'a'c*tq-rq M= o, N=H

T)\Qvl 3s(t) = gS(O) 85‘ ) '?s('t) z -ﬁ.(o) < ?.S'

ii—th&wg Hcps, gs, 1) [het) g

Define an ofevater U (t, te) ——  the +time eoolution oparator

14ty = Dot ted | Ycted )

*  unitarity DVct, ted = DY Ct, to) " $robability conserving "
©  camposition Law Uet, t) Uet’,te) = Ut to)

. d
« DV 0543s 1ge Vit te) = Hcps, s, t) Vet to) with Dct, ty= 1

e mital + Compos?tion Laro Uct, tod = U-l('tc, t)

~THCPs, Bs) ct-to)
= Is H a5 tme- dndependent thew  Uct, ted= ¢ )



Hefsenlmfj Prcture M= H, N=o0

The states are defined. to be time- indefendent,

We can vdentify  the He.‘ngenbeg states 1with the S‘C)l'(iid{‘nsu‘ States at t=o

IYctIdy = 1Y0ddy = [y(od )
T)Ns

13eoydy = Vo, ) |y

The fundamental - and ¢ oferators are tme odepandent
+

3..,(t) = Uct, 9) 8,.((0) Vet o) = U*(f,o) Bsco) Uct.o)
A
i
l 8”(0)-—' 85(‘3): 85
also

Oycty = D¥ct,0) Osctd Vet o)

+
= Uco,t) Oscty Uco,t)

ad_ OHct) =

< T L Hopyetr, Guen, £, Oneod |



Interaction Picture

H, : freQ qui'.'tom‘o.n
M= Hoc$.3) + Vb, 8. t)

vV : antevaction

i 0 = [0z, Ho]
. d
ToE ¥ = Vo R)), i hey  egns

Choose Ho s time  -ndependent

T Ho¢ ‘Ps,%;)t - THoCPs. §s. L)
) @

Rsct) = §scad

C)lo.nJe the states

Ipet)d; = @ THoH 30Tt >,
The operators

O:ct) = UJ (o) Osct) Usctioye Q{H°°1’"%"t 0 ct) Q-moms.ss;t
This ensuves

14P] 0zt [ ety D, = Kyevy| Osctd | et X

For 1Y) >p

i—j(‘—t—wapl = VePn 8 1) [4ct)d; , with Viga, §ut) = Vyct)

- Q‘CHOC'PS, 85)t .vs (:bf. gs,'t) QT’I:HOC‘PS, 85)t

Note : @uan s s tme- indeperdeat, Vi can be +me- dependent  Since  Pactd, Gz 0
Introduce Dzct, to)
It >r = Urct, ted [ ted >y
=1 +
) Ur ¢t tod = Uy ¢, te)
° U1 (-t,t') UI(‘t’l to) = Uz,('t. to)

* Ur Ct,t0) = U—;'cta.t)



All  pictures coincide at t:o
[Yeoddy = 140> = Yo Oyo)y= Op(0) = Osco)
Then

Uet, o) [4ed D = 1Yct) )5

~

'bHo't

Iptr>;, = @ 1gctd)d = Uzct,0) Iperdg

1y Vzct,9) = o THet Uct,0)

1 U;-_ «t, to) Uz ct,0) Ul(°.to)

Uzct,0) Uy (to, 0

S He —vHyto
. o%H T Ucte) DYite,0) Ho
"Mt CtHot
e oMt Yt te) o THet
F-fno.ug,
.o V U
) At Urct, to) = 1) Ur ct, to) w?'t}l Vocto, ta)= 1
Dysen’s  Sormular (  proof see Sec. 3.3)

t
Uzt te) = T expl —i_]; dt’ Vo (¥) ]

-y

4ime - ovdeved product

Te oCt) 0a(ts) «-- Opctmd) = O (ta)) Omactn) -« Ofa(tin) with

tg > tay, o

2

tq‘,l_



The S- matvix
Consider a non-relativistic  Hamiltonsan
$ )
H:= 30+ VO
I
" VeR) 1xb o, no .»QonJ—YOmJQ force

In the very far past frow Vexy |

goes alonj as if it were a free wave packet

wntil it antersets  Vixy.

fqr futwre  one

In the Scl\Y'o'd-‘nJe'r Picture . 1Y) > 7s

-7 Ho(t"y)

-

| Yet) > [ yt’y >

~
i

A

]

' Ho = ’Pa/c:m)

wave packet n the far post

Q

solutions to Mo | be).onj to o Hilbert space

H,

Ho 4s osumed +to ).que the some s-}ec'hn'm.

In X there s a State I yctd 7{"L
L —‘f”o't o _ -1
Kl I 14> - e

S';m,-?lmrlj , in the fox Future,,

Il —7Hot
Taem 1 2

a wwe -pachet moves +towards

And  then |, after a while ,

hos new  free wave packets

t Y
A [\po3>™™

Vix) |
C obey the free S’c)\r'o'd-‘rl’er egn )
one AHooks an the very

moo.‘vg away J‘Tom Vex) .

the solution of free S'chrb'cl-‘:?er egn

UoCt, t1) 1 et )

Ho .
H,

H

as

i the past , Looks Lhe 1yctr)

[ o

~THE
Iy - @ 143> || =0



Tl\fnk of cluss*‘cql, scqtter-‘nj
¢ t

Figure 7.1: The free ¢p (V =0) Figure 7.2: '™ and ¢°"*, asymptotic to the free v and ¢

t ~,
In scq-t-ten'nj theofj , on& wants to  known °“<+|1+)m

Note : don't have to $ut ¢ since ther <nner pwduction s ndepandent of time

THct- to) Q-«‘H Ct-to)

- out - out =
Medety | he+r1> Vs T hatn) @ It = & dctarl et >™

Then define an oferator M 3, , the scattering  matrix § Wheeler 3%
Heisenberg /43
¢l Siy> = "Reiy>™

o S-matrix conserves -‘probqu'l-"tj sst:s's=1

. S-matrix  consevrves energ y LS, HeJ= o



Take V and mv.lﬂ-plj Tt bj a functon fct, T, )
Then
H= Ho+ V = Ho+ fct.T,a0)V

i
a so-called adiabatic -twmv‘nj on and off

oj the <nteraction
f

A T A

/

Figure 7.3: The adiabatic function f(t,T,A)

T)\en the an- and out- states are
w0 - “Ht -iHot 9
l1+> = Ta- e '8 l\+> = X9-0 UI( o,t) |].l.>

. tHt -7Het .
1 oo = o T gy s & Us o, 14D

S tawm ® ta-p
In the for past and far future, fitrz=o and H=Ho , the  Hamiltontan that gives
the evolution of the osgm»ptot'z‘mllj emple state Ho s the full H. So the
S- matrix s written
§ == Ve - )

Ao
a/ts0

Note : T Wnteraction on for « fonJ tme
A= twrt. V. on ond off q_o(\'o.ba:h‘muj
A/T30 tronsient terms are tvioial

TJlQ Interaction. -picture 7s suitoble



3.1 T)\Q. lehmann - Sjmsmzz‘h - Zimmermann  veductlen \-formulq.. [ Schwartz 6.1]

The LSZ reducton Formula velates S- matrix to the guomtum,  frelds

> P Ko Y THhe X a LY
51819 = [ifdn @™ F gty 1o [ Sl ot mdy ]

x <R| T{ dewy ¢exsd -~ e} IR

NOTE : I°. the -7 in the e ponent a.‘})-pls-tvg For inttral  states ;
+7 . - . \'f?nQ.L -
2° . T { T } : a tme- ordered j;roduct

3°. IO s the vacuwm of interacting f)\eof:f

4° ¢ at+m’y  vanadshes Jor the Mxm.:ptot-‘c States |, So Tt vewmoves

all terms  dn the time-ovdered froduct except thae with

I
'}OLQS Oj 't)\.( f@fM ?TN\L
5 °, to studﬂ 'f'\terq.ct?nJ theortes, one assumes

dex = Lz?% |_r 0y PRt Sl Qp(t) e.ﬁ“]
ar I3y

is  modified in the fresence of bound states

this  assumsption

C OPE) & Factorfza_tfm theovem

(3}

Operata_r Product ExPans-‘om



Prooj :

Then,

<j|$|1?>= 2

S

..M R R .
2> : qa-state. ( free state at t3-A in S-Picture )

. Jn + +
1v>% Jaw, daw, Op, C- %) Q-9 [ 1D

out
lj:> : out-state C f-vee State ot t-2+p In S-Ppictere )

out

lf) = ,J;w, J;.wn 0.;,3(1-@_)... a}“(f,ﬂ [0

the S- matrix S

% oo o <R Q) - Ouce) Gpy @) a;,c-m I (*)

The k23 Formula : ff A% Q‘N?-xc 24w’y o0y = Jawp L Ot - Gpc-py ]

with M= ¢ wy, 35?)

To derive this , we need to assume that the theory s free at t= i,

Proof :

. X -4
4 ydf'x PR S SR $x)
X
-{jov'x e ? C 3 - 27 ¢md) ¢ x)

PO L . Yem & e.-i'“( + af 0 TR
-gfotxq J(zxﬁm[ ( 3a + 1RI% m) [QnJ R

({}

. et Le ! 2 a1 a -Tuht P
1yott e f<zw33m(3.+lhl+mj[ Qu(t) e Qr) 3 ¢ f-k)

' W 2
+ Qgc_-t) e,‘ h't(m,) s‘*"<?+§)]
Tugst -% -TWst TUst
= ifolt o\ cawg) (s Plamy [ apwe o al e ]
e
wz
?

It’c tvme to show that

-

X ~Twpt + S Wyt
a.i Q1w¢t< T.+wp) [ GpeI R s t (1,1,&)@_'L L j}

‘fw?t

TWel
e (-aowﬁ iw;) -] + e ?

¢+ 2 + Wpdgd [--]

'fw-p't X

-1 t + TWpt
= 1T e (a:+w;)[a?ct)e. % + Qg & 1’_’[

- > -Twat ~Wst
jdt (zwpy’ o { Q‘w’tn‘znwp)[ epere Py alw) e i J}

n

- ‘wat -Twst
_Yolt czw?)'/’ do { o C2wy) Gp(t) & oy o }

—-) 0

Qo0 =0 at t=£14

= (zu??)y“ C Aptree) - o.-pc-/\o)_'[



L\\i 'l‘o.b.?x\«s the Hermitian COno'uso.te_
. ¢ -Tpx + +
-T)d'x e CAa+m) c}cx) = J;w? L Gjcw)y - Q;,t-'m]
In %) , the oferators are < time ovder , so

<_fl Siv>= 2“/*,Jw. Wa - W (8] Tia?_;(@)-'- Apacre) a;.c--p) a},(-m)}l.ﬂ.)
'.\

]
time o'rde'n"ﬁ operater : fater ave Zeft oj eavlier

T)vu.s,
<f| Siv>= l%Jw,..- wa <A Tf L Qpcoe) - Qp,c-n>]--- [ Ap.C %e) - ng(-'v’)]

x [ Q;,tw) - O.f;,u\o)J L 0.;;(—@) - O.f,;(-m)]} [
Then we have
The

P X S Xn s 2
<5|S|i> = [i‘fd,q‘x. Q—I?‘x( Aemn] - [ -ffo(’xne. Cat e my ]

x <R| T{ ¢y gex) -~ e} IR

NOTE: Pullmg 2" thowgh T8-1 & tedndcally not allowed ,



32 The Feﬂv\mqm ?royajo.to'r [ Schwartz 6.2]

3 I _ke
T)\,Q :erQ j?el& OWQ‘&QY‘ : %(x) = (fn‘;— = ( Q.ILQ, 'lb.& + a{ Q.‘ J

d.ghu ka | | Ry-X, - kl‘xl

G} ot 2w, J20R,

+ T
| ahl Qg [0D ¢

Then, <ol $exy ¢exad |0

e 1 dhcxX-x)
(2 2Wp

We ave wnterested, “n  <o| T{ ¢ $xd3fod , so

Lo| TT ¢exy ¢ F o) = <o| P dexs) [od BCt-t) + <of ras) prxy|od Bcta-t)

Lr <h-(Xa-X0) TR Cx- X2
o) lwn.[ e Bcti-t) + e Bcta-ty) |
3 . D22
d}h | -{k.(?.-?,) U2 TR (X,-X,) TWpt
- — e -
b By [ e e<:) te e 8- |
) o ? ? -L=' t|'t}
d&h 1 - TR (X -%) TWpR ~TWRT
—_— - (]
o g 2 [ e 8¢-2) + & Ty ]

‘tmh?-\\ej B -k i the $ovst term.

+
Q- AW o dw TVl -TWp w

‘z.e T t‘te
< - = e )+ e -
e awi J w-we e

Then we need the 'fdev\t-‘tj

! ) ! [
Prooj’ Wi~ Wp i€ T awp [w-(wk-f&,) W-C-Wp't) ] (%)
Im(w)
4
T > 0 contour ] Ii
) 4 *
—wy + 1€
“‘ . |
- = , > Re(w)
\ L
\\ JEe — 1€ I‘
.»" 7 <0 contour

Contour integral for the Feynman propagator. Poles are at w = +wy, F ie. For 7 > 0 we
close the contour upward, picking up the left pole, for 7 < 0 we close the contour
downward, picking up the right pole.



tre .
> v,
dw Twe s Qm T Be-1

TM’L J —_— e =
Z oo wW-CWp-1E)
trp . SRt
dw Twe - lltie,--t 0cL)
“re W-(-Wr+'E)
+'P d - N )
2 -3We w TWL TR TR
> B i, w-oart e B + e 8-
P\L‘tt\‘nj 't 't'cJJetth, we find
2. J‘ oL _| 'f?‘"?"fﬂj - [ Twl
o] T{ du) pey Fled = 655 | o7 Top @ o T e @
_ (LR z <h- ¢ X - %)
T J et R-wleds
= AFC X-X) Feﬁnmw« ?’mjmjmtw

NOTE : 1%, Apcx-%) has apole at Wam' , concelled by the prefactors sa the Ls2

veduction joﬂv\ul‘l W e ])rojech‘ov\ onte one - -pw:rtv‘(lg, Sstates

2° R+ Wpcd B , -fw(jgj\"(.‘h‘ﬂ'\. variable. .

a° Ve prescriPtion T8 Just « trick jof Hme orcleﬁvj



3.3 Perturbation expansron oj correlation functions [ Peshin 4.2 ]
We frest consvder two - poat corvelation function ( two-pomt Green fumctlon)
<sul TEL exy gyl 10

NOTE : 1°, $uxy s net free field

a7, M> ds the greund state of the vnteractiag  theory.

We consider the Hamiltonsan of ¢ tkeorj as

H= Hoe+ V = Hpee + fo@x%cﬁ“ ¢ consider H <ndeperdent on +)
. iHt -7Ht
In the He.-iseanr\c; prcture,  the :field 2s c}cx) = e 4:‘(52) e U veference tme
o~ t:0 J

j‘%‘elol oferater v the
Schrédinger picture.
We want to express both ¢x) and IR>  n tems of ¢otx) and o>
In the above eguation , we cheose teo  to define the He:'sc.v\bo.g aad  the Sd\v'o'o(s‘szr‘

'j)'l‘ctu\'e. Move 8qmzrqll.3, we could have

T HCt- o) _ tHct-to)
‘i" t, 2= e +(t°,£) e [ vefevence time t=to

At any fixed tme to, we can exfand Pt 2)

3 o _2 )
C#’(to,g) = m—“T C a? 1$ t Q?Q ‘9-’(
2V

The :ffeli operator <a  the tnteraction spicture S given bj

2" Ho (t-to) —tHoCt-t0)
CPI .3 z e $cte, ) @

~
.

j‘—ree freds, fullfill R-G eguations,

Then R
- X X
( a? Q. 1? + 0.;, e..l? x) xo___ t"t.

"(t 2= f(lkfr



The problem. now ¢ te express the Full He_x‘smlszrﬂ $reld, + ™M terms of ‘#z
-THct-te)

n

<H ct-to)
Formall.g , ¢(t 2) e 43('(20,;) e

+Hct-%o) —'I:Ho(t‘te) 3 'fHe(‘t-to_) —fH (t"tt)
e ¢t %) e e

- Y

n

e

Urc t,te) = UpCt to)
time evolution operator | unitary oferator
Obvfous13 , Uittt fullfills o simple differential eguation .

-iaa—t Ut t, to) = Vict) Ugct, te) , Utto, tey = 1 %)

with the interaction Homiltonvan ©n the. interaction Prcture :

THott-~ts) -THott-t0)
Vittd = o V e = fdgx = ¢,

The eguation. (%) has  the jorhal. solution. ag

Upet, ted = T { exp [ - fy:; dt’ Vit ]}

Procs: ;2 Ut te) = T Hgt-te) -TH (t-to)
T UltTte) = e (H-Hoe
Q{Hoc't—'te) Vv Q-iH ct-te)
THoCt-to) -~ THoCt-%s) THoCt-te) -THCt-to)
= e V e e e

Vit Ugt, to)

ni

T)\z so[v:h‘on. can. be exprassec(, as Ppower serieS Tn A
t t &
Urct,ted = | + ¢~0) yto dt, Vectd + (-’tjzj;o dt, t:{-ta Vict) Vecta) 4+ ---

See : é?_t Ugt, to)

n

t
-7y Veed + -ty Veetd 5'1:0 b, Vict) + -

n

-7 Vact) Ugt,te)

Note thet the Sactors of Vi in the aboue solution stand <n time ordler.

Therefore one can simglify Tt ustng time-ordermg operator T}



e.g. The V: term .

t t t t
_Y d,t, £ d.t; v; ct) V;(ta.) = "3'*. yd.tl y d't:, T { vj_(t-) Vz(t) }
'to o ° °

A sim-tlax 'fole.mta‘tg )Lold: jor the )11‘3)&.1' terms :
tﬂ'l

+ t t
§ o | de - j;o(t.\ Vichy - Vactn) = o J dtidtsdta T{Veto o Vetw]
{-] ta *

Usfnj this 'to(,entz‘tj , we can write Uct,ted) . a compact Jorm :

t (_.t)i £
I+ (=%) J::odtl V;(‘t.) + ST J:dfl d.’ta. T {cht-.) Vl(fa)} t--

a

UI.C t, )

t
T { Qx4 [-'i_s;clt’ V;ct’;_]}

n

W}LQ"L we os veal computations we will keep on15 the finst few tevms o_f the Sevves,

It’c conventent te 3qnera.|.'tza the definitien of U | o.uoto’-'nj vty secend arguement

t
Uct.th = T { exy[—f_f dt” V:<’f-")]} ctzt)
*J
I+’s eo.s\\’ +to uen‘jx i:;t-l)ztf.t') = Vr_t'f) l)1(+,'t3 (%%)

Now the 4nttial condition s U= | For t=t’, Then ysw canm show thet

THett-te) -THCt-ty ~THo(t'- to)
e e

L)I_c +, ty =

-[
Proof : From (#) , we have Hecet) = 2 [3;; Uzc't‘.t-J] U:('t.to)

Then (%%) As exyres&d as

n

T2 uetth = s [gruetta] Uicnte) Uct )

. 9 +
3 f% [ yctta) Uictt) Uett) ] - 3 yctte 3z LUctte) Ut th]

[
Y

=1
+ ) )
S :_-t[ vfct, te) Detth ] = o 2 Dpet,to) Qetty =2 f(to,t)

Since Uzc t,¢)=1, _-f-(to,t'.) = vt te)

2 Yot th = Uetted Uf et to)

THoCt-ts) -tHCt-te) aH(t-to) -tTHa(t-to)
= e e Q e

iHoCt-te) _TH(t-t) _~“Hectt-to)
e 3



+ , - ,
NOTE: . Ut ¥y 45 unitary Up ¢t t) = Urct.t)= U, )

Jor tiatazty Ugt,, tad Ueth , tor = Ve, ta)

+
Ugc t, t3) [ Ugta, tp] = Ug &, t2)

Relatton between 0> and 10D

gf«vtfnj f-ronx lo>, and z\ml\n‘nj with H
-THT -<EaT
K Ie M asen] o) [ En are eigenvalues of M ]

Qe lo> =
? In> are e.x‘se.v\shtes a:f H
?\:IV\)O\[ = 1
In the perturbation 'd‘“'(}j , assumg <dSlo0d * o Holo>:= o
-THT -vEe -TET
Then e e = o "B Tinscnlos + e “Ma<nlo)
y‘,_ —— -
other states

the srovm& state

Since. En > Eo j:or nEo, we can get vod of oll e nto terms Bg s‘ev\o('t‘nj T €0 »

m qQ s[fjktlg 1‘m«3€nqv5 drvrection : T2 mocl--7g)

“TEeT
Then e oves slowest , and we have

-1E.T THT

= L ce e
1> = Fgees <Rled) e lo>

Since T 45 very lerge, we can shoft ot by o small conctant,

. -TEo ¢ Teta) -l _THc T+ ted
In> = 1%7\97(--:2)[ e <nie>] e Le>
. -tEsC to- ¢~-TH) 4 —THC te-¢-T)) ~THoC-T-to)
= 1{L————-.2 [ e ° ¢Xled] e e fe>
S p(1-72) ~
Ho le> =0

-1EoC to-(¢-T -l
et ?ntes ] Ul to, -T) |0) [ Cell-Man-lew thearem ]

-
TYp(t~¢)
S'fmilo.vlj,
. -1 o -toJ |
i TEec T
| = Tﬁf—_jw_m <o| VT te) (@ <eln>)
or IA> = Urc-m , o) o> C see Schwartz (#53) ; Weinberg €2.0.13) )



let us Pput tojetkev the pieces of the two- point function.

Assume that x® > 5° > te . Then

. - ‘L\Eo ( T- ‘to) ~1
(8 oo dupy o> = K= (e ¢al>)™ e[ U T, te)

+
X U:'( X, to) dp(x) Uex®, te) Dy¢ Yt 4’;(5) Ut ¥°, te)

~1tEs ¢ to-c-T2)

-l
x Ugte, -Tarle> (e ALle>)

- ! N [l<°lJ’L>l’ e-i&(xT;]"

T Ap(1-1%)
x <o UCT,x% ¢x) Ugx®, 53 4’,(3) Uy -Taled
To get vid of the prefactor , we apply the nermalyzation  condition of 1N

. -+ F T -1
1 = <NINA> = S [|<olJL>|1e, t e “J Lo| YT, -T) Jo>
T 29 (1-1¢)

For x°® > 5"

ClueT X0 do0 Uex® 4D ey Ucy® =Ty led
T 00(1-12) el yctT,-Tyle>

(] ) 4:(5) [ =

n

i
n time ovder

anqllj, j:o‘l' any x® and 30

.r
S Y RS

: Lol T o dap e 30>
| TL ¢y Iy _ F— .
Y 4’ )4’(5 J I T A (l-1¢) <ol ng-".f:dfvﬂ*’][n



3.4 Wick's theorem  and Fejnmo.n dragrams [ Peskhin #3 & 43%]

Congrder Lo| TH ¢ 0 45;(53} [o)

We $irst decompose @i dnte positive amd negative Frequency  pats

$rex = 4>:c:t) + 45;0()
N

.
I

x + 1‘px
9 - y aidag %e 4’ -f (amfm; G ¢

4’:(:) lo> =0 0| 43(:) =0

Concider the case x°>3y° . The time- ovdered product of twe fields < then

T{4,0 4>1c3)}

+ + - - - -
R ¢ drexy + ) deyd 00 i) + brexd ¢y

N ¢ ¢} + L, byl
I§f y°> x°, we have

T ¢ dap} = N gy} + L 4’:t3J, $. 3]
The contraction of two frelds s defined as

P gy = Lge, $epl for x% 4" [ We dvop the subscript L1
L ¢1’(3)’ ‘ch-).] j°r 38) x°
The contraction of two fields s the Foynman frogpagator

—
x> ¢eyy = Ap (x-4> = DpeX-y3

For two feds, we have

T1{ ¢ 45(33} = N {¢oo) ey + Mty }
Wick’s theerem :

T{goodexd - ¢exmd } = N { $pxopx -~ pexnd + all possible contractions ]



E3 for m=4

(! [
T{¢1020301} = N{1020304 + d1d20304 + 1020304 + 1020304

—/ — —
+ Q120304 + G10203P4 + P1P20304
[ ]

— o —
+ 01020304 + G1020304 + P1P2¢304 }-
NE ¢ 6.6 b ¢ Deexi-xd N{é ¢}

Since <o N(m\\\’ operater) lo) =0, ov\l& ju.ll\\‘ contracted. tevmg Survive

Thas,
<ol Tich ¢a. 4’3 %}[C’) = Dp(x-X2) DF(X;-XQ») + Dp ¢ X-X3) DF(Xa-Xp)

+ DE Cx,-Xy) De CXa- X3)

The veswlt can be vepresented, as the sum of three o(z‘txjro.ms C FeJmmu o(';‘t:j'ra.m.r )

(. \ - v o 7

1 2 1 2 1 5
(O1T{ 6162564} [0) = . N //
3 4 3 4 3 A

Nc\J, Lot ’s evaluate the two - peint Junction <l TS oo ¢(33} 15O We j-tqst -s‘jnote.

the denomimator

.
-7 dt arty
Ll Tid codape T T T

s
ol TEe Tl MMy 10

| TL ¢y gepTiny= _ I=—

T Ao Cl-7¢)

The numeratesr can be, exfanded as
(o T dpexydeyy + ooy L- LA Z) +--;]l°)
The Second. term n ¢* theory s
cof T $eo b (37) ] 2% dua> 4> beas degd 1o
Now apply Weck’s theovem. Thare ave 3+ 12 woys to contract six ¢ eferators.

x> ¢y bezd $ead ¢ ) por Geyd e3> Py Pezy $ezd
3 4 x3 =12



Thus, <ol Ti¢w ey (",;,—_a) fcl"z, o Y ied

= 3. (1—,:!1‘) D cx-y) fol"a- Decz-3> Dpcg-3) + 2. (‘7’;-_,'7‘) yol"g« Dg <x-~3) DF ¢y-3) Dpc3-~3)

e

o z + ; ;

x z Y

External Pornts : X,y

Internal points: asseciated with  (-TA/41) ; vertices
P ¥

The denominater s

e Vv
% fax 1(t)} o)

ol T{ e 1+ <o|T¢ ('—Z‘)fol'*a %1 Y10+

n

I+ 3- (%) yd"é Dre3-3) Dre3-3> +--
Theve Jore, the contribution from the olisConmected oliagramms cancel between. the nwmerator
a.\wl -('J\.e oLo.nomfna.to-('
In practice, one o.l,mss draws the diagram first , Ben Writes oowm the o.v\aljh‘c exfression .
What ¥s the overall Factors ?
The generic vertex hos four ines coming in from fowr different ploces , so the various
-plqce,mo.nts of these. contractions wate ¢* goerates o Joctor of 4! which cancels the
deneminater n  (-TA/a1) | T)Lemjofe, Tt \s comvenieat to associate fd‘*g -2)
with each wvertex.

==

$¢¢9¢ 4x3x2  placement of contractons
9:[*“’*“{} Jastors : To get He corvact overall facter for o diagram , one needs to divide

b\t’ TS 5\\‘th3 Factor | which s 3Qnerq|.. e nwwber of oajs

aj ivtte'(d\nﬂ'iuj Components with owt cl.mdinj the dva \jra.m_



5.3. . the ithYcho.nJe oj e two ends "‘Lf a fne.
© the \“v\tevc)lo,t’c of two Lones

the eg\d\mlmce of two verties

{ ) S=2
z y
QO §=2.2.2=8
/R
x y S=31=6
N
@ S=31.2=12

T

)

In ¢* - theory  the Feynman rewler are ¢ position space )

1. For each propagator, zToe——oy = Dp(z—y);
2. For each vertex, z = (—iA) /d4z;
3. For each external point, ze——m —— =1;

4. Divide by the symmetry factor.

NOTE : The -tntegml. fol"g “nd<cates  Swm of all pornts where  the process
can happen.

What happened. to the large time T - mc1-vey  ?

g " -Th-3 -T2 ~Th. TP, T - - .
4>< . fol"ae. P¥ -V TRy ?»3'_ 9 - yda° ydga e VPt Pat Py - Py) 3

N T T3mel-ve) Y-T
Ps
The exponent blows up as 3 @ or - , wnless we tohe $° to hwe a small MmegTnwy

Pport $° ® Cleve) . This 25  the same a5 the Fednmm ):ov.ndo.vd conolition

t3°p° ) efl3°lcl-f£)l'§>°ICl+ff)_ Q‘-fr3°n1>°| - €9 . Q'Cls"ll?“l

~

' olfoevaence. disappears .



-7 S:T dt Vart)
¢ TL ¢y deyppJiny = B Lol Ttheodepe ™ ]

19>
T AoCl-7¢) ol Tfe_{fcu-, Vz('t)}l.°>
-T

Numeratoy :

The sum of ol o({q:jra.ms is eguel to the sum of all  connected. o(i‘q\?ra.ms ,
times the exponential af the Swm of all  olzs connected o(v.‘quams

-
1%;;(!-1'8) 0| T1 4’1(’) 4’1(3) exp [—125" de Vzeyld o>

Der\o minatoy :

T
o] T{exy [-'fy dt V;C’t)J}lo> z ex»s,[ 8+ g +. ]
-T

F:no.u.:’,

<RI TEL ¢ ¢y ][>

Sum of all connected d—*“\j""*"‘s with twe external Ponts

s s 0,
J

The Senefqlfzqtc‘an to )u‘jher covvelaton functions s easy ;

o oll ol mS
| TL ¢exo - ] 0> = ( sum of ol connected cliagranm
with m  extermal Povnts

(Q To1p20304 |€2)

o] \+ e -
+>< g+ 2+
+§<+---+><><+



3.5 Cross sections and. the S- matrix [ Peshin 435 ]

In almest all experiments , we Scatter two objects

s v
pB - .
3
ta
A :  common cross Sectional area ( aree of impact )

The number of scattering eveats oL LY La I, o and A.

Then de fne the cross section 6 as

# of Scatt. euents
fa La J5 L8 A

1 2
Note +the olimension of & s [L[¢]= = 1%, se. area
' Jc LcL/3ycL /723y L2

The stmplest way te define the crosS section. 5 to define ¢t af the effective
? Y

si2e  of each farticle n the target:

Cross section = Ejffective sv2e of -(:o.vse.b particle
Cross sections are often monsuved n terms of “barms ® ¢ 1 bara = leTMend)
A nucleon s abowt e fermt, or lo"em . It avea 5 167fem o oof barms.
In clo:gm‘ch 'Bteor\\i , the cvoss Section s
o. % of sartiles scattered pertme AN /ot AN /at _ AN
) Flux R BNz /(BT A) Ng

Here Np s the number of wncident particles por area.

AN (vgat) A
The Sl ge -3 :jBAt A - hoe




For Na targets , Na Pakln A . Then to Find the crvoss Section € defined

per tarqet) we must divide by Na, gettmg

AN [at i AN anN

°: & Na  (Wotdfp ($alad)  Sads fnta A

Note : if both the target and projectiles are moving , U refers to the

S 2
relative veloctty U= | Va- V3|
A more useful gquantity s the differentiecl cross  section o
f"“ b J jj &P, - 0(3?1\
Decoﬁ rate

Consider the decay of an unstoble particle at vest

ro- 4 of decay per tma AN
H# of particle ) N at

In QFT, +he propagator <s modified  as

1
ﬁl_ mﬁ_ ;MV



Cvoss sections From M

Consvder o wave packet

P £h |
1¢> = .Y(m)s 2wy, ick) 'br:_

ouvy -
Fourter transform intevaction the ovy

of the spatial roave function

b

(ar)3 L gkl = 1

Normalization : (P> =1,
The Sm'tfen‘nj -probqbilv‘tj:
P = 1%%d dyr| dndy>™

Cons-ideﬁnj the ¢patial trandetton between Py and gy

®

3

e
T)\Q anitsal state:
-'fb~lg
J* L£ha Lha Fachddpcbre
| ¢a $a >in < (am® T Jawadras)
b
e Y

1 Ra Re >,

Note : can ba abserbed. into ¢y

- b

35 perpendicular to the colldsion divection

The S- matrix
Mt s pa | RaRe)™ = Ch e | S| Raked
Define the T- matrix  ( to vsolate the dinteraction)
Sz 1+ =7
Define the navaviant matrix element A
<H s | TT I Rakg>=z aE)* 67 Ra+he- ‘:\ft'?f) A CRa hg 2 pP)

I - momentum conservation

S k> ;. one- particle state dn the



Colewlate the $ro ﬁabil.it\\j for | $a ¢8 > to | 1% Pad ot‘?. ds?n

d-9 w Lk
PCAB > 423-n)= (T F @m? ;f7j ) 1 et Pl da do>™]

For one -tarjet, i@, Na= 4, the number of ch‘ctera‘nj events  7s
AN = _deb Ng Pcb)
number dens?tj

Then +the cross section ( assume Ng s constant )

de'= = = fdb by

Rz'ﬁlqc-mj the form of Pcby |, we have
. cks) 43;. 4> Chid
P k)
de = ?fT Cozttc;! zwf) fdb C.r +=A,B fcmui Jawa f(;mi )

Q{b-(ks—hs) (ov.t< P93 1 $le;}>;"'J ( oxt, $p521 tRi) >y %

DrO'p the 1 n 14++T ( nejelec-t?nj :fomom{ chﬂ'er?nj )

Use .
"% § 9531 Tk} % = M fhs) §P53) carr* §%¢ xRi- TP

o 1 T * b, ¢ k
“t, 19531 1Rs}> "ol fR) - 530 catr? §¥¢ xRs - S
J-. b e-,;b. cha-Rey _ Gy 8¢ te - Rg, 1)
Use 8PcRup- Ry and  57¢ The- TP to ferform  the R -sategrals

§ dka® dBg SCRE+RE - TPF) SC Wa + Wg - TW5)

¥
- j‘om SC J8eemn + JRgemy - T05) SR
: |)°'<i3,o)| I Fckao)= 0 wih F =I5 v JRgemg - IWg)
- 1 - I
T S * RV
Ep £y ~

L. velative velocity n the Bab frame.



Put Q\JQYJ'&)\'MJ tajethav-

L | Lo L£hg I Mcka,ke 2 e 2 2
de = ( }T cm)f?_z_ﬁ}) f(m'_)i f(:rtﬁ (2AWA) (2Wp) | UA-Upl I ‘PA(M)I l%cko)l

« a1y 5 ¢ ka + ke - T P

For states with 1ave functions contered on a give momentum R~
ds* = 1 Ra B b o
-D.WAlwal\yA'\rBllM( A Rg > £P51)| s
defin. AT = MY S Pt -TPd T 4’9 L Joreat; <nvariaut -phase sgace ]
5 - Lo 2 3 C:rcj’.:.Ej & ™ $
Note .
* WA Ws1Va- Vgl = le?E-wA'?gl = IEﬁxjv’Pf‘Pavl

1 not lorent; anvariant .

- 7f thee are n Jdentwal particles T the fmal state, we must etther vestrit the
-intes'atu‘on to fne%uqulmt confcjuvah'ams, or davde 53 n! ajtev ?nte\jr«t-‘ over

all sete of momanta.

ﬂl& olijj'-ermtz‘al olecctj rate : ( 13 n -process)
]
dl = Y k] ol L define in e rvest frame of 4.1
Note :  an unstable particle cannot be sent nto the infinitedy distant past,

We will discuss the meaning  of this  formula latter,



Cross sectien ( another darivation )| [ Schwartz 5.1 ]

The simplest way to define the cross section s to define Tt as the effective

si2e  of each farticle n the target:

Cross section = Ejffective sv2e of -to.vaet particle
Cross sections are often mousured, Tn terms of “barmns P ¢ 1 bara = 107 cend)
A nucleon <5 abowt e fermy, or lo~%cm . Its avea a6 e’ ov 0.0f bayns.

In clc:cm‘cql, 'Bleof\\i ,  the cvogs Section s

- # of portiles scattered = N
time x flux T T @
In QM , the cross section s de = TOL;

ds ond AP are differenticl s himematical warvebles. ¢ angle or energy)

We forst consider  the 2 =3 n pwcess: b+ P D ::S:‘ys.
-7
I‘Vl the center oj masy ‘frqme gj + andl P2 , é - f’§| = l?uv 2|
Then, v |
I S s T ARl

the ‘j:robo.kil?f\\j dP s

RN AT

dp = S
P Fif> <il> A
\

AT s the Yejfon of Final state momeata

JdT = T (z-r\i_)? ‘f?d [ We o(ejx‘me. our stater
J

withtn o box oj' volume

\ v ]
We define [$>= 191>, 1f> = Z‘r [$;>

T)\e navmalization oj— the state I$> <plpd = cartf(zw?a Smco)

EXY re-ylaced bj (@l}) = AN?V within o box L (mf sa)“) = v]



Pvac delfeg KYMQC&Y dELtQ
ge.Q :

> { 2 )

6 . ~ ¢ -h.)-?

(27()3 Smc?: = ffx ei? * (z!tf 8“’(?-?): yolgxe. ? Y Sgﬁ
3 3 Lo -

5> @) 80¢ce) = yda: = V. f{nd V832 = 1.

anilox’.d. eyt §9%ey = VT

T)\en we have | T> = caE vy (2E V) , <f|f>; TOT(AE\.)-V)

We deju‘ne trancfer wmatrix T as S= 14+ 2T
N

)

NO INTERACTION

It v }\el,-pju.l, to j:qcto'r an Gver QLL momentum. consevvation

T = oo 8§72 +9.- IhOM

T)\u.! we ha.vc_

G1S-11> = ¥ s cpen- T <FIMID

For 15> % 1>

[<f1 812>

ar)® 8 Pt - I 8 cod I<Fruiel’

n

ot 87 Pt P - g?j) TV I.b(.[z

el s [<f1 ml2> *
T)Lexejore, the  differential 'probodoflefj s

oLP - (2.1'()"' SN)C P+P - I?f) TV a Vv

I m
QEV)EY) 'g‘(:.Ejv_) -l

3
f ary d?f

T | 2
= o TC
V QE)(aE) LA ¥

with dT(j = (,J.Tl'.)l" 8“)( Pt P I?j') i) ﬂi

5 C:ITC)’ :ij L lor‘lv\té. Tavarieut -phase s}ace]

F'fna_'/lj , wWe have

! 2
TC2E) aE IR - LAl oUtj;

Note. +f there are n  <dential particles

m the jmxl state, We must etther vestrit the
integration to inegutvalent configurations, or divie by 1! ofter mtegratiag over

all sets of momenta.



k.3 Jor ome particle state Pat B 3 P

3
dP § <)
Jam = Jqrag a0t s ot %9

d.“? a2 2 o y W
E‘t Sc?, -m") 6(15') ey’ Sch+f, -P)

Qo Scp’-m 8P

Jor two particle states Pat P 2 Pt fa
5' AT, = mﬁi’s, y u:;?;s, aro¥ 5% Pat Po - Pi- B
In the center of wmass frame | ‘E + ‘?;=°.
So _)A'oUT; = Mfz—zl& Gr) S¢ Eem - Ei-£,) [ Ecm: total emergy ]

with E = ,J me B,  and E;-'—.Jmh A ’?. + '?, zo,

Sitnce g, = 1pd LB sne, de, d,

2
- jd:-ﬁl sine, de, dp, m;‘% (a1 & ¢ Eem - E, - Ea)

—
~
~
»

= 8¢ B -driefilt - dminBit)



3.6 S-matrix  and  Feyaman vules in momemtum space [ Peskin 4.6
& S‘cl\wm’ta« 1.3 ]

Formula :

: T
N PLIT AR P PRSI I
-T

connected,

amputated.

Wa §first consider the free term.

2 D3
o< ", L Pa P>, J(m,nzwnummws) {o] Q, G, GZ a§|o>

(¢)) 3

(20a) 2wg) GTO° [ 8¢ pa- ) 3P cPo-fu) + 8 Cpa- ) 3% pa- P ]

T)\Q corres-pon ob‘nj Fejnnqn o(1‘q3rqms
A | A /
Y ./\ |

T)\ej correspond to the 4 n S= 1+ 7T, therefore showld be excluded

We mext consider the first order term n A,
. _A ~
PRI T [ddlend it

Consader 4>+ ocﬁnj on an external state:

+
¢ = l?)o

Lh <hx +
J"(no.!mh ap szP °~P led

L2k hx [ ? @)
—_— d QRY & ck-H>] |od
f(zm; o e awp P 11
= e % o>

We ole_fa‘ne. the contraction wWwith an e:cternal State
m—— (_—I -
-5 -TP-x
bexy 1F> = "X <Pl bexy = e P

We, now analjze. the fw‘rst ovder term dn S - matrix



— ™

For ¢¢ d¢ , we hae
D Tl bbb b h ),
which gives vacuum bubble +times free term , so it 75 a disconnected
prece . It contributes te 4 not to ST
—
For ¢4 ¢4 . After o,pf)lj?nj the normal ordering operator , we have
ata" + 21ata + aa

but only the term with the same number of o' wd @ contribute

eg. <h Pl atatipapo> v <ol aaat*10> & [ a,a’3* <olatatios: o
so we have

N r -4t
—17??-_[’0(".'( 247¢ °<'P:'5’l| ¢ + [ Pa P8,

Doing the contraction with external states , we have

a0
L X X

AJN‘?\, it contributes to 1 , TS disconnected.
F—;mllj ,  for onl3 contraction ith the exteral states,

<P Pl 977 ¢+4’+ 1 $a Po>.

*cPa+ Pa-P- hIx
Since  all ¢¢ are at the same point, so this gives a term o '

The total vesult -s

- “cPat Pp- Po-Padx
4! ("W-A.') f‘v" < : = -TA em* Y% Pa+ Po-h-Pa)

A |

8 a

(0]
Stnce T = ) §cpi+ P -Pa-Po) (PM) , we heve M=-R



let ’s  apply  25Z formula dirvectly

We constder  <PsPul ST IP P> o <RI T§den) ¢ $ro) dxa} 10

Eg. +te 2ead~‘r3 - order  frocess [ set m=o ]

xl 13
>< = J’d"& (-72) Dpcx-3) Drexa-30 Drcxy-3) DFc Xy-3)
X Xy
* . j\ . T‘f. Ly Qikc'txf-v
= -T2 d & 1= ot h: + 1€
Then [s,,= ¢ Gig = -1
. “ -.‘.? X 6 1,2 = . 3% =
1 <Pl Tl?.'yp:g[-'tj‘dxje I 9]
4 d*ks T <Re- (X:-3)
\ &
X (""")‘j‘d& 11_7: I VI
S < - 7P X 6y N
- . L *x s s
2 (-1) fd.& 'le‘ Gry BRetE j\dxle c-ksd
thi ¢ Xs-3)
X e

-h:-3
= (-TA) _Ydug Ir -r ke e SM( Ri —p:63)
TPt o P2 Pad-
P ydq& e TCPtD $ad- 3

= (~TA) (ZT()". Sw)c Pt Pa-Pa-Pu)

vﬁ

momentum Conserv Qtien




E.j,

One- foop  fprocess

X, x,

) ¢
X Xy

2

o  -TAY yd‘:j d% Decx-y) Drcxa-yd Dpexi-g) Drcxg-3)

X D,: ¢y-3)

a 2 o Re < -ik;«x;-\p]
R 4 Y, — e
=t ‘Ydﬁ dé’{«g}; Gt ke + 4t

b b, . "
< [ T d ht T e'\ht'<xf"3)J

LX) et kit+ TE

o + J\df’-@c < ei«@ec&-;) ]
LT

camt  Liteve

Then , de T matr<x  As

<‘P3?lpl T ,‘P' ?z)

"

(1)

n

'Py-X3 ¥ ; | TRE SRS
- % "'?\'j'xab-:i a . ;y 4 4 [ 2 d'Re 7 e'l' 5 3 J
y[-.tydxée' ¢ 35] x-TAy Jdy Ly 177: GIO* R + e

. [ ..ﬁ, J‘ d*hs < e{h.;-cxc-z,)J I i,l- j‘d"&: < Q:L“@-t(d-g) ]

423 ar*  kit+ TE Gt Ot +vE

LN > TP X5 0% thi-¢ X3-y4)
. 2 ¢ 2 o k‘ - 4 . ?‘\ 3 Uy a 1R 3
cons oty iy [ £ T8 g T 5T gy S0y

™ d'bh{ < 4 ..1‘?.;~.'I..- [y 2 -;‘h.; < X3-3)
x [ 0 ) Gov Boeee ydxc e c-hiy e ]
. A0s N Q{—e{-tj-i)
=1 cam¥ L7+t

Y &) . _‘h.;.
g-fn)ljdy dy [ T I ol T 5 ke - pe6I) @ ' 3]

129 (,‘()‘P
A LN '{h"&
x [ ;"E fi_ulél -7y Gr)* & Ry - Pr63) e ’ 1

4p. - ~KiocNq-
x-ﬁ-j‘d& DR b ¥

Qm)* Oitevs

s =
1)

.2 Yy —-they - YRy +TR3+VHE o Q40: v v &icy-3)
-1tA) yo(""\\j d ¥ ¢ s:l;l: Q) Lit+7s
Cias Lo, v L7 fol" Q-fc1>.+?a--€.-£.3.3 jdE ei(?u?,,-e.-&)-g
QMY 4Hl47E Qr)t  LevE J
- a % 4 "~ Ly %) P ) -2 -2
iy [dee dte, Tore Tow B PP 8-£ 8 hue e )



™ - .
< 2 d.-e. 2 ) ¢ ¥
= (- s Qo 8 P ~P, —
i Q¥ LHTE (Ptta-@)+iE ChrPohiode

e v v
— ¥ = 3 ~A ) ;
= tM = CTAY U8 e et a- )4 TE
4 —a‘e' : ;)
:' - “. ?‘l-
1’2 \ll’ ’Pl'f?a' 'el "‘J
(-1n) -TA)

AM})\L‘l’atecl of.\‘o.j'rqms

> P
A B ol*h < . 4
T»' R = 3 ot i of P -T2) QAR ¢ Pa+ P~ Pr- Pu)
Pa
P x -Ta) ) 8¢ pa- ¢

1 |

A:ftev 1ﬂt23ra.'hnj oveyr 1;’ , we 'ha.ue, ?3"- A ; =

{

Pa s

the momewtum of an external particle.

The \onMuch for  S- matrix onlj mokes sense  after excluo('i‘vﬂ these  oliagrams,

0 G AP -

We ole\f»‘ue. Omputation ag

L proof Patter ]

CAALLPIC.

[

NY ,;' /AR amputate
ST




F-ina.ujl we have momentum Space Fe\\sv\mv\, vules as

TM = swn of ol connected. , amputated o{;‘QJ'rq.ms.

1. For each propagator,

=Y
l
"@m
|
3
M
+

2. For each vertex, = —i)\;

3. For each external line, >———<—— =1;

4. Impose momentum conservation at each vertex;
. dp
5. Integrate over each undetermined loop momentum: W;
s

6. Divide by the symmetry factor.



3.7 Exm‘ple:
let’s consider ¢ theory

L:=1L¢ a,*cff- Tm ¢+ 33,— ¢’
At the feading order, there are  tree  diagrams.

4 .

3 2 . _q?
":Ms = = = cfj) 2 ey (1‘3) = % [.S-c)lano.'.J
> N (PieP)-m #7¢ S-m¢re
2 -P'f -
)
S= C‘P)"' ?‘)1
R !
-fMt = L“—‘B = ('fj) 1’—;;‘ (*q) = ;s’—\— L t- C)’O.N'\QLJ
(- Pyd~-mare ~n tomeTe
) :
1’:-’* 1"-) ts (—Pl_?ﬁl
kg / ) ‘ -
T M = 4 - \ U qy = —— [ u- channel ]
’ﬁlx = O3 G VD e "
b P :
wn= VPl"?@JL

T)mn the ob‘jjmznﬁq(, crvoss Section

de _ gt ! l 1
o 40 = e Lo e ww ]

The variobles s, t and w are called Mandelstam varvables., For any 2192
$rocesses with nitial momenta P, and P, fs‘nol Mmomeata P3 and Py

Sz (Pt P = Pt )

tz Ch- P2 Chamfu)
Wz CPhm P02 Cpan Pad

Tkej satis fy

St+t+w = 4m

See: (Pt Pi-Pi-Bud =0,
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CMS Experiment at the LHC, CERN
Data recorded: 20 320:
RunvEvent: 1941

ATLAS
EXPERIMENT
http://atlas.ch

Run: 204769
vent: 71902630
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