



































































































































4 Spin I fields

Thegroup of translations and Lorentz transformations is called Poincarégroup

Particles transform under irreducible unitary representations of the Poincaré

group

There are no finite dimensional unitary representation of the Poincaré group

Winger 93 showed that the irreducible unitary representations are uniquely

classified by mass m and spin J C m o J o Ya I

if J o there are 25 1 independ states if m o

2 if m o

if J o there is only one state for any m






































































































































4 1 Massive spin I e.g W Z Electroweak gauge boson Weinbeg 7.5

Schwartz 8.2.2Formassive spin I there are three d a f

We try to embed three d of in a vector field Ames

4 3

If
4 dim representation

I
1 dim representation

oftheLorentzgroup
3 dim representation
of 5013 of 5013

spin I Spin o

Themostgeneral free Lagrangian is

ICJuhu 2mA's Jutty JAY Im And

The E L eq is

app b 8

y
m2AM21

212mA
aCOMA t bidgafguv

acouAu
a 2 A t b yucaAeII

2

Taking Ju on this equation

a 2 20A t b o 2nA m ouA o

I c at b s m Juan o

If a b and m o then 2mA't o

It is Lorentz invariant

It remove spin o representation

If we choose a 1 b l then

I FmvF t Im AmAM I Proca Lagrangian






































































































































is independent on Ho then Too o A is not a physical d a f

Then the equation of motion now imply

2 m AM o O AM o

I not gauge remove one d o f
The energy momentum tensor is A 7 É

2012AM OMAN mAM O
Tin 2L

guy
2 Ag 9M soFun m An

OiFie m Ao
C 2mAT orArgus a Ag gm L ai Te mgo

JAS j Ag 2 ATJUAN guvL
t
A 2020AM 20AT20AM

m

F'sJag g

Then T is

Foi20A FmFm ImAmA

FMFm 250 Foi t Fij Fig
EiskBk Fij25 Ei JkBkEijlBe

218 y

E Foi

Foi20A Foic 20Ai JiAo diA

FoiFoi Fois Ao

E Ji C FoiAo aiFoi A
T

doesn't contribute to the total energy

E t c 2,20A 2,2 Ao Ao

E t doC2 A'sAo t AoziyiAo

E Joc doAot 2 A'sAo Ao202040 402222A






































































































































E t AoLoCLAM AOo A

Then T I E I B A'doconAm A022Ao Im AnAm

Tan o

IE't I B Aod Ao Im'cA0 Im A

yes B Im A Im

IÉ gyms no o

Finally we find the total energy is positive

Now we want to find thesolution to c o'tm AM o and anAuto

If we write

Amex É5 1,4 Emcee e
Then 2MAm o implies PuEY n o

Forany fixed Pu with p m there are three independent solutions

Polarizationvectors Emc x 1 1 2.3 normalizedby EntEM I

Taking pie in the restframe pm i m o o o

Then Emcp is c o I o o Emcp as c o o I o

Taking pm along z direction for C E O O Ps

emo s

engendina polar

Then EM c o I o o Ei c o o I o

Ei spy o o gym

Transverse polarization

EYp X EYcpR's 8 g I R X 1 2 3

É Erect R EfcP R guv t Fufu m






































































































































In the highenergy limit E s m Ecp 3 Elm I o o 1

In the scattering process with AM

En't dot n g Es ng

d n g g ng gym

9 coupling

I
t

cross section blowsup
cancelled by Higgs boson






































































































































4.2 Quantization

To quantize fields withmultiple d o f we need creation and annihilation operators

for each d of separately

E.g two scalar fields of and of

cos 51 jugcap e it atp e't't

4 in f p Iw cap e t aptem

Then the complex field of 4 id

too f Iw I c É ap.ge it gapt e

with E É Y I polarization vectors

Massive spin I

care dataÉ I ftp.t Gene t ftp.nagt.neipxyAmex fdp
Hermitian

Here Apn and aptx have polarization indices

113 R 2WpAptn107

g

01Anca 15 x Emc as e P

I apex Aptn I Sax cat o p p

I Apia Apia I I Atpx Atp o






































































































































We first compute

Carew ca wq I En't Ap.ae
P Etcp x apt e 5 xAmex Avey InS

d

q q qq.ae if Y Et qR'sat.ie
I Eucpas ap.ae it Etcgx'saqt.me 8Y

I Ecpasatp.ae Eucqn aq.ae 8
Y

I f d't I e P P Y
Empa ftp.x e

Y ftp.xseucp.rs
cat awe

I
insert I a at 2538 p g Erin

f depapaw
I e C grot mi e'D Y c gnot Puny

guv Y A ex y Annexy

As ex y c o I Amex Avey 0

Since IM FOM T Foi Ai t aiAo

I Ai it I TI et J I Aict I AJ it y I AictR 2 Act y
I fo Ani x y yo nee t 2 ex y yoyo t

Here Fo d ex y yo no t

f dew aw
I e it cipo t cipose y I c gmut BI yoyo

za
I e B É I e

i 1 93
c gig figsI Jd's

i sit o sE j's i faff e ie ieg's e if ieg's pigs

25Lio x y so yo t

de
papaw

I e it cip's cops e I l g t pipolm yoyo t

If 13 I eip.coys e ipcxy3 piggy

I Aict R Tice y i 8 8 I J






































































































































Similarly one has

I Hict.JP AJ it y I TLict Is T ct.gs 0

They are not covariant Therefore we can define thefield operator

Act 2 7 I me

whichcorresponds the classical relation

One can also evaluate the Hamiltonian and momentum operators

it É Sdp Wp atpa Api
pi É Sdp pi afnap n

The spin operator

Under the Lorentz

transformation

Are 11 AYA's's

infinitesimal transformations of the Lorentzgroup

No 8 who

infinitesimal w

Then 1M gotNg gu went won o I antisymmetric

An antisymmetric 4x4 matrix has 6 independent components

6transformationsoftheLorentzgroup 3 rotations 3 boosts

One possible basis c I A
n

c A 1.2 6

In practice replacing thesingleindex A with go of 6 0 3

antisymmetric e.g no n

With this rotation we can write a basis as

IMM i gengru gongguy
90 index of basis elements

no indexof the 4x4 matrix






































































































































Any who can be expressed as a linear combination of 750

who Ingo cyst
I

6 numbers thegeneratorsof theLorentz transformation

Thegenerators obey the Lorentz Lie algebra

I YS y i game genro gum grunt

Therefore the Lorentz transformation on Areas is

AMCx 11M A C A x

C 8 0 t who Auc xs werxt

Are xl whox's who Avi x1 weeks

Amex whoso2pA't wi Aucx t ocw's

Yuesorbitalangulatdescribes intrisic angular
momentum momentum c thespin of

the vectorfields

Then thecorresponding conserved current is

2
acamau WY A ca FmoEngr yet Adios

FM Engr i 199089 ofgoodAlex

IT C FusAT FmrAl

YM 90 FMSAT FATAS

For g 5 1 2 3

Q'I Sdx CFOIAi FoiAI

Writing in terms of threevectors

Sk Leisk is I ish fax c FOIAi FoiAi

If a'x c EiskTsai iok zigs

5 fax x I






































































































































Then the spin operator

S Sax Ne FixA
A
normal order

The conjugate momentum

I Ai t aiAo

if d't É WrEick x car ne th anime't
a dawn

with Eick n I Eick a ki eock.rs wr

also

E k

in
E E o

R Éck D BEcl E LÉ m

So Eck R JaEckN with Ja 1 A 1.2

Mwr 2 3

GTPdawy CatdwqIn ing
ÉcG x x EcpnThen 5 5 S

Ya
gig aq.a.eiq.se cap.ae it't apine

app I I É P N xEcpN C a pnap e wet atp afterwetIn
d'p

Écp x x Écp.rs c atp.nap.rs aptnap x

define helicity operator h 5 1511751 projection of thespin in thedirectionofmotion

as a 3 ÉC p3 x Icp a J P I P x Éc p3 Ecpx

My I P x Ic p Ecgx o

R 3 I ÉcPN xEcp3 J F 0

For the transverse polarizations 2 1 2 Ecp x Ecp n






































































































































h In I I Éc px's xEcpas ca pnap e wet atp.n.ap.ae'swet

Ecp x x Écp.rs c afnapn aptnap x É

g
In 51g I Ep I Eepn'sxecp.rs catnap.n atp.nap.nl Iep Flip

if c apta Ap at Ap2
Thus states of atp.nlo are not eigenstates of thehelicity operator

This can be achieved by going to the helicity basis

define ap cap Zap

Ap Ap iap

Apo Ap

The commutators are still I Ap to apt to at 8 p p

Then the helicity operator

I f dspcats aftApt at Ap
Thehelicity polarization vectors are

f
Erck I I Erck is I i Erck 2

Erck o Emek 3






































































































































DEYx y Lol T Amex Avey 10

t.mn

ii

ii
Since 2 I ACKyoDex y ScKyo Dexy Gray'sJoDexy

28 I Ackyo Da yo O KyoDexys 28 koyo 2 Dexy

28 I Gyoso Dey X O'skoyoDey x 28CKyo doDey x

Ocyo so asDey ay

Then we have

GCKo yo 28Dexy t Gyoso JiDey x

25Decky Ockoyo I does pigs 28CKyogo toopays

where Scotyo I fix pay is se y
ex

Ockoyo I fix fly Ie I Eckyo I 411 fly Seago I goesply

is s Ey
So Ackyo asDexys Gay x'sofDey x

OfDeex y i 8 R j scaly
OfDeex y t i 8 ex y

Finally Devisey L g 2924m Decay insgrog o ex y
I

don'tcontribute to physical results

See Ackyo JoDix y t Gogoso doDey x

2 I Eckyo Dexy Gyoso Dey X EckyoDexy tSixty'sDey K

iffy






































































































































Transition to interaction picture

e.g a neutral scalar field with derivative coupling

I 2ndand ju and

external current or a functional of otherfields
Then canonical momentum

T If É j

The Hamiltonian is

H TLÉ L

TL I I 4 d xp jog 5 xp

I replace 4 by T t jo

TL Tejo I 17 505 I 743 5017 50 5 xp

IT Iced Ho

T.jo 515 5pot V

Here Ho is free Hamiltonian

Y is the interaction

The last step is replacing It with V2 I 2 picture in terms of freefields

jo j 74 sijo jmand I j js

Ireplace TL with I
cancel a non invariant

term in the propagator

see later






































































































































Let's consider the Lagrangian of a massive vector AM interacting witha current

ju

I FruFru t Im'AnAM JuAre

Then the E L equation is

a FM MA j

u o 2 Fiat MAo j o III Fio Ei To o

A C D j m

Since I IT PAO É t 717 F jo m

I D p jo Im I

Then the Hamiltonian is

H Imam L É É L Hot I

TT I 717 jo m I FmFm Im Ai juan
TI't TT Dj m TT PCDF Im't I FoiFoi t FigFit Im Ao I

j Ao J I

F Dj m jo p.TT m

É D D.TTm T.FI m

I Foi F I

Fig Fit I Dx J I EijkEimn 8jmSkn 8jn8km

Im Ao I m x TT joy m4 6 5 2j'D jo

joao jo p j's m jocp.FIm't1j05 m

It I xx s I'm ix Is Im i

I M jocp.fi I go
Ho

V






































































































































Then use D I miA to get I

V2 j A j Ao t Im jo

jaAn Im joy

Let's consider the following correlation function

o T exp i iSdtVale o

I É'dfauxday jmcx jury Durexy

I fax jocks t

The Feynman propagator is

Demisey L gu 2h24m Decay imgrog o ex y

The contribution from the last term is

IS dxd4y juco jury l grog 8 x y

Emfax joy

which cancel thecontribution from Imi in Ile






































































































































Constraints and Dirac Brackets Weinberg 7.6

Proca Lagrangian t real massive vector field

FavFav Im AnAM JuAn

Primary constrains imposed on thesystem I e.g choose a gauge

or arise from the Lagrangian itself
eg I is independent on Ho then Ti In o

so the primary constraint To o

Secondary constraints primary constraints are consistent with the equation

of motion I e o m

eg the E L equation

anFMV m AV ju 2 Fio n'Ao j i n o

25Th t m Ao jo

Fio

ziti m Ao jo is consistent with To o

Here we are finished but in other theories we might encouter further constraints

by requiring consistency of the secondary constraints with E 2 equation

Note
primary secondary the distinction is not important






































































































































first and second constraints

Tha 49 will ingeneral not be independent variables but be related by constraints

Usually they fulfill

49 This 89 49 4931 Ta Talp o

Poisson bracket
a By Iffy It a sa includes positions

Canonical quantization

Bp II 3

But the constraints do not always allow this

Express constraints as X I 493 Ta 0 IN including position I

consistent with e a.m An Xn H 0

First class constraints

Xn X o
X s Poisson braket vanishes with

all the other constraints

Note
arises from gauge invariance I see later

associates with a symmetry

Second class constraints the remaining constraints

define Came Xm Xm p det C to

e g in Proia theory the constraints are 2nd class constraints

X I Test I o

Xa Ji kist I MA's t I jest o






































































































































Then a ily Cindy

f
o m'sBlixy

i detc to
cax.ly Caxizy m'sBlixy o

see

ix ay Xin Nay p

Sd's Stix
Streit35

Stix
8AM1.3

8
Samit.jo t.p

Sd'z o 8 I I m o ay 3

m O E Y

Dirac braket

If all constraints are second classes define Dirac braket

A B I A B p A Xiv so Xan B p

Canonical quantization

3 II 3

Note

Dirac braket is equal to the Poisson braket calculated in terms of

the reduced set of unconstrained canonical variables

e g Proca theory

c l f
o m o x y

m2813 y o

t I 8 ix g 8 x y

SdzSix 37513.93 Six.gl
513y 8oz y






































































































































then

Art I To it J's

Amit I Tu stays p

Jd's dy A'at s Xin I C six ay Xay Tu itJ's p

Sd'xdy A'it Max at x y Xing Tostig'sp

Amit R Tu it I 3 89 O y

Amat I Xix AmatR Test x's 8 8 x x

X y To t.gsp m Act y't Trusty p m tu s s y y's

X y Fusty Tostig's Tucty p 0

8 8 x y 8 88 o s x y

A'it R T ct 8 O ex y

Act s Tjsty i 85 8 x y



4.3 Massless Spin I fields Weinberg 8.2 8.5

4FmFM JuAm

The Maxwell equation anFN j

It's well known Amex is not a directly observable

local gauge transformation A'Mex Amex annex

Thefield strength tensor FM is gauge inv but these doesn'thold for the

interaction term

juAM Ju Art 2mn

Juan on Ijm Aix A Juju

Juju o must be satisfied to leavethe action invariant

To calculate a quantity one fixes thegauge

Lorentzgauge 2hAM o

Coulombgauge 7 o

In the Coulomb gauge D o

2iFio jo

D É j I É É PAO

P PAO j
d in Coulombgauge



Then Also satisfies the Poisson equation p Ao jo

Therefore Atx is determinedby thecharge distribution jocks

Act s fdy 4 iÉiÉ
t
instantaneous Coulomb potential

not a dynamical d of ofthe theory

Anarbitrary Amex can be made to satisfy the Coulombgauge if

7 o DA p'd

P'A p I Poissonequation

Then I D A

I D fdyGex y D Act.y
with

y acx y stay Gexy te Itsy
One could arrive the same results by splitting into transverse and longitudinal parts

AI AT C Pat Pa

with 7 s 0 Tx AT o

Pt ij Sig Ji dj c PiJig Ji Jj

Aj Pa TAS Ai ji 25Aj

A a'fdyGcx y 25As
I

Vix Say a ex y Hey

Sothe longitudinal d of is eliminated At o

Thecoulombgauge is verysuitablefor describing thephotonfields with two transverse dof

Polarization vectors

Enck 1 C o Eck is

Erck a c e g p I
transverse polarizations

R Eck i R Eck2 0

Eck x Eck x Sax



Quantization in theCoulombgauge

AM is purely transverse AT AT o

The electric field É DAO I É

Define the transverse deltafunction

Eiji y Pa jo I y
Then theequal time commutation relations are

I Aict Ks Tic t Y i 813g EY
In themomentumspace the transverse deltafunction is

skijcey's fifty eik.coy gig Kiki
IET

Thevector potential AMit K

A Ct Is Say tw E Eick n ar ne
th arteik

T it R f y tw I iwaEickx car.ae
ik arteik

I Apn Agt I 12433San 8 cp g I Apa aq.ae I Aptn Agin 0

The equal time commutator

I Ai et x TL ct y F f x jaw f x Ewg EickN E'sg N ing

x apin Aqi e it 8Y atp aq e Dx 18y

f l É I dipasEscpa eip.co y e ip.coj's

i
if eip.coy gig

pips
1212

i dig i R y



The Hamiltonian and momentum operators are

it fax N I 151 SdkWrÉ AntinArn
B fax N C É x B Sdk R É ArtinArn

Feynman propagator Deluca y Lol T Arco Avey o

Dj ex y Gexoyo c 8 T É Dexy t Geyo x co's X Dexy

sis Decx y

c sis É GY ji e
ik ex y

Syfy e ik exy fights I ki ki in

Then Devix y f IF
with pick sis fi fi

poo poi poi o

time like polarization Eik o nm Cl o o o

longitudinal polarization Erck s c o Eg ke in kind
Ick.no Ray's

Eck3 Eck 3 1 n Eck 3 0

Thecompleteness relation

É Enckx Eck R guv

then
Puck É EyckR Eickx

guv
Kuku king.hn kntnunuk

chni pi
Kuku chunutkonakin

gun
nunuk

cking k



so the Feynman propagator

DIYx y 51434 II punch e
ik ex y

Eye iksaysf ign
ki ie

k'nun
K'tie Ichnikki extra

i Nanu
ko ki

i Nuno
Ipp

DE e'exy Devising Divext y

with DiEsty iffy e ikexy ya
i snosuofgpeik.coysIfykeik.cxgo
ionosuo SciyoHisey

Covariant photon propagator

Dinettesy f d kcage e ik it y ign
K ie



Consider external source

I FmFM JuAn

Act I fdy jct yI É I 1
Theelectric field strength has an additional longitudinal part

IE tTr a É o Tx É o

Then Lo I FunFun

I C IEP IBP

I C Éi t É B É É

where the mixed term

É E x AO É

D C AOÉ AOP É

O

Thepurely transverse canonically conjugate field

Is 2
a JE E

leading to

H I I L

E I C E't É B's joao J I

Itta IE
tjoao j.A

with IET I TAO PAO

I DCAODAO I AOpAo
Ijo Poissonequation

I Hojo



Then V Sdk IHojo F I

I VCoul V

Ilcowl ISdaddy jolt I whey jolty coulomb interaction

In Heinsenberg picture A to

In Interaction picture A 0

Then
t

fdx juanVI

ol Texp I ifdeVz t o

I if at Vcoul I Sd'tdy T JucoArcasJulyAvey

I I faxdty Sextyo Jax
joey
leg ISdxdy DEYx y NEjuenjucy

TncelledwithDYE.gs

Theterms in Divextracx y are proportional to kmor k The EM field coulpes to

conserved currents

arjux o or Krejuca o

So the extra term does not contribute in the calculation and it can be simply

left out


