



































































































































6 Quantum electrodynamics QED

The Lagrangian for QED

FuFmutitcotie 34 mix






































































































































The gauge principle I Peskin 15.1

QED QED Dirac Maxwell t Lint

41 if m 4 FewFM e4204An

Dirac is invariant under Xcx e Xcx I internal symmetry

I a is not position dependent

The transformation is no longer a symmetry for general a Lex
t

different phase rotations

at different spacetime

point

See Myers4121 is invariant under you e yes

Mick41k m Tex e e yea

MICK41K

The kinetic term

24121 get e you e Iisnacks 4101 e 24in
Fanatermis
the problem

We want to construct a theory which is invariant for a general does i.e

local Ucl symmetry

local symmetries Interactions

local Ucl symmetries Electromagnetic interaction

local Ven symmetries non Abelian gauge interaction






































































































































We will rederive QED from the requirement of local Ucb symmetry

S is invariant under 4121 e yes

gauge transformation

Consider the derivative along some direction nu

24100 Go 4 teen Xcx

If we can rotate text en and yea independently n 2401 does not have a definite

meaning

Introducing a new derivative Du

Duyck s e Dryer

To do this assume we have an object Ucy x that transforms as

Ucy x city way x e
idek

M
transport thegauge transformation from x y x

Vey x yea e Y ucy.sc e e'd yo

e'd'T ucy.sc 41K

transforming as 4ly

yay and Vey x tix havethe same transformation properties

yay Veyx 401 is well defined

Now take y at en anddefine

nMDuyck go 41ktEn Ucxten.sc yes
E

By construction

nmDuyck fo e 4igten e ucxten.sc yo

eid n Dyck






































































































































Then Dirac is invariant under the gauge transformation

We now want to construct Ucy x explicitly

Ucy x e'd a pure phase

Begin infinitesimally

Uc xt En x I ie nmeAmex oce

t
e a constant

An a real vector field

Under the gauge transformation

UC Xt En x e'd End Ucxten x e'd

I ie enhance eidt E T i ie Enuances é

e CI ie Enman é'd

eid cienega e
idea

I ie Enman t ieneared oce

A'ex Amex I 2nd

For the covariant derivative Doe we have

nuDuyck Go 41ktEn Ucxten.sc yes
E

go 41 Ends I ie nuances you

nuantix t ie nd Auto

DM du t ie Au

We want Amex to be a dynamical field and then we require a kinetic term

a gauge invariant term that depends on Am and its derivatives but not on 4






































































































































We note that DucDu4 transforms as 4

Dm Du4 cant ie Am du ie Ao 4

can tie An i 2nd C ou t ieAo i 200 e yea

Can tie An 22,2 e Duyck

e DucDu4

So we define
I Die DoI I SatieAm Ju ie Ao

can tie Am cootie Au cootie Au dat ie Ar

ie anAu 2 Ant Audu Audu

ie I Cantu t Audie Juan Audu t Audu Audu

ie I canAu Juan
ie Fru

We have that Fmv4 transforms as 4 so that Fmv is gauge invariant

Some comments

10 A Uci local symmetry leads to the field Amex

20 No mass term is allowed for Au gauge symmetry is broken

30 It's possible to construct theories using other gauge invariant terms

EBMFapFmv FmFM I Fru2804

40 Some of the terminology and constructs associated with gauge theories

Ucy x Parallel transport

Am connection fibre bundle

Fuoco Curvature

Duck Covariant derivative






































































































































50 Gauge symmetry is not really a symmetry

Thephase of 4 does not carry physical information

A redundancy in our variables

60 The explicit form of Ucy x choose a patho from x to y
Y

y

Peskin is

split the path r into infinitesimal segments

UsCy x Way Rn Ucxn Sene UCXi x

Since Uc x x I exp I ie Amex Xi xu

Urey x exp I ie f Amex dare
Note Urey x is not necessarily path independent UsCyx UrCyx

y
I the enclosed area

81 82 pathsfrom x to y

Let Upex x Uracy x UsCy x I Wilson loop

exp I ie foAmex docu

exp i iz f Fuoco dour Stoke's theorem

I
I is a surface thatspans the loop

dow is an area element on this surface

The Wilson loop is associated with phenomena such as the

Aharonov Bohm effect and Berry's phase



The interaction fine ex 2 4An

mnf term

The 2M Odp will always sandwiched between spinors

t on U ThatpUp

If there is an internal fermion line then

gu gu

e tips gu icatm
Pig B I'q pematietouch Eng Euc8 I q pi pie

qi pi pi

add in thespinor indices

Icp 2M Pstm 8 up Iacp Tp Ft m p 888Hoop

If we tie theendsof thediagram above together we have a loop

exiting en

k

In the loop any possible intermediate states are allowed we must integrateover

themomenta as well as sum over their possible spins

notix getsreplaced by apropagator Fa m on IN 5
So the loop evaluates to

ill c ie fattygcpeup yup Atttmary icktmsoncptkimtie k m'tie

Contracting allspinorindices

in e Esp Eucp fifty Treon is them gu icktmcptks m ki mi

I
a trace of spinorindices

Thespinor matrices are always multiplied together in the direction opposite to the particle

flow



Consider Moller scattering c é é éé at tree level

idle I c iestop ounce techounce

ima 3 I c ie rep snap 29N
pipeptch

ounce

14

What sign should each diagram have

The corresponding Green Junction

Gcx Ks 2324 CRI T 412 4126 4012 4124 117

At order e

c ie Sd'sd'y Lol T ya043423123342 x2 4241443 Ip x 21psAnco4pct

x Xply JpyAvey 4paly 10

For int

c ie afp 2 4 faxdy
x LolT 42,143423104 4221423424144 4pics 4psec Fpsly Healy AIHuly 10

t.finIifttheeiaias
x SFCtiDap I SF1 4 23 3

Dmx y

aSecajasey 4



For illa

c ie afp 2 4 fakedy
x LolT 42,143423104 4221423424144 Epica 4psec Fpsly Healy And Holy 10

Into temp s Ey 2,14 414psy 42142414

x SFC Dap I s

stay Wht
spyiI

Stix 4 pray

u channel has a minus sign out front

M lettuce e ji 4 trust Italy
nice ounces

The over all sign is unphysicalphase but the relativesign of the t channel and

u channel is important

1Mt 1Mt t Mut

For thefermion loop

immingm
Gcx x c ie fauxday Lol T Amex Auch 4 x x 4104Icy Acy4113107

Ayaan Easy Instyyly
Duncan so Dupiny C l Tr Etty45500

DnaDup C D Tr I SECRy Secy x



b l eté att

y

Is'cp's c iermusep Ty Erck c ie ru or'ck

To compute the cross section one needs Int u et

c f gun Ut zu ro V utcrustyou Ut 20518m you I guv

u true tour it f tour iron
Imp I Jcp ounce topouvep Lick truck'sEck'sRucks

Let's consider et é ut rare unpolarized the cross section is an average over et e

spin S S and a sum over the muon spin r and r

Then we want to compute

IF I I I Inc s s r.rs

The spin sum

I rescp escp Atm Ivp Fcp F m

SO
Is I p'stabletop Ifip Equal'p's f m datab Atm berid

Tr I CI m rucftm ou

Then we have

In M1 4 4 Tr CF me Mcftmest Tr Ickxmu Tuckmu tu

Trace Technology

Tr on Tr Gu o

For an arbitrary odd number of r matrices

Tr 2M Tr 25258M Tr 252m25 Tr 25252M Trou Tr yr o
I
2532 1 8M 253 0



For n o matrices one gets c l as we move 25 all the way to right

so the trace vanishes if n is odd

For two r matrices

Tr 2m20 Tr C 2g 14,8089

89m Trc guru

8gu Trc guru

Tre our 4gno

For four r matrices

TrC 8m808985 Tr e agro8925 juju 2985

Trc 29m02s20 2 29m25 208929Mt 2025252m

Tr Como 2585 41 ginger gulgurtgulgier
For traces involving 85

Tr 25 Tr e 208085 Tre202529 Tr 202025 Tr 25

The same trick works for Tr e our 25 if one inserts 2 ca r.us

Tr c guy 258585 o unless mofo is some permutation of 0123

Summary



When two r matrices inside a trace are dotted together

2h8m guv2920 no our grugru 4

Similarly
gugugu 28

zu20298 4gus

Now return to 1Mt

Tr I c me one me ou Tr for 80 ME Tr I 8m20

4pmput 47 pm 49m p p'tme's

Tr KtMuTuck Mn To 4Rubio 4kok'm Yuu ck k'tmet

Let's set me o Men500 ell Mun 100MeV Me man 1 200

Then

Jalut 8g Icp kisp k's top k'scpikstmicp.pl

In the center of mass frame of et e

peggy
KM CE R

IR E mi
P CE Ej R j Iki cost

I
k'M C E R

Then

q Ptp 4E p p IE

P K p K E EcklOso P K P K E't EIR use

45in Mt e I It 71 l É cost



Then thecross section

I IRg 2Ec'm 16ThEm FinMI I Ecm ZE

Integrating over dr

Total 4Tha
35mi l E it III

In thehigh energy limit Es mu

Ttotal Emm 4h223Eci



6 2 Compton Scattering e r e r I Peskin 5.5

It
ill Icp's c ie rn Eck's ftp.t.tt c ierusEucksucp

Icp'sc ie20 suck
is Ktm
p k's ma

c ie 87 Eck'sup

ie Erick'sEuck yep outtktm ou
Ptby ma

8 Rtm ru
P k's ma JUcp

Thedenominators

p t ki m sp k p k's mi sp k

The numerators

ft m 8 ucp 270 20ft rum Ucp

2pump 8 c f m nip

27 Ucp
The

in ie Eick suck acp's ftp.ttmt gi.ttrfucps
The sum of photon polarization vectors

Ej Ej Eo guv I valid in a QED amplitude

Consider an arbitary QED processes involving an exteral photon with km

WE indeck Eickas



The

Il Eckasmuck 1 EEckX Eck N Mack notch

For simplicity RM ck o o k

Enck is c o I o o Evek as c o o I o

É I Eck a muckst In'ck t t inch i

The matrix element muck fax erik fl juco is from

since the current conservation 2min o Rana

M Mr Eich vanishes as Eick Rn Ward identity

In our case Kullu o e knocks ketch o Mo ee

Then
I Eickas Euckasmuchnotch In't In't

In't't lie't't 1m31 1m01

guvmuchnotch

The unphysical timelike and longitudialphotons can be omitted

So for the Compton scattering

sinMt 2e4 Yik Pik
pin anil f n fn m pin d

In the lab frame



Thedifferential cross section I Klein Nishina formula 1929

do
me Ww I Wh t Yo sine I It f l ose

dcosg
Ta

In the limit w o w w I 6 É n Ture I re I
classical electron radius

J J Thomson

63 Crossing Symmetry I Peskin 5.4

Electron Muon Scattering e it En
é

Yf
é

ige rep ounce to
ii AT ii Pa

Then the squared amplitude averaged and summed over spin

JinM1 4 Tr I c me Tuc me r Tv Icf't mustucktmu to

This is exactly the same as the result for et é utet withthe replacement

p go p't pi k p R p

In the high energy limit Es mu me thedifferential cross section

asIT see'mchoose
I 4 It cos y

a toy as a o

Such singularity arises from the nearly onshell virtual photon q's o

Crossing Symmetry

M Jcp t d c Eck

antiparticle of4 with ke p

Either amplitude can be obtained from theotherby analytic continuation

For each crossed fermion one needs to cancel one minus sign by hand



6.4 The electron vertex function I Peskin 6.2 6.3

We consider the correction to é scattering from an virtual photon

in ie I tip'sMcp p ucp Irick'strucks

Let's consider a classical potential Aila without quantizing the EM field

Amex The interaction Hamiltonian

HI fax e Tony And

If Aetc o I is time independent

p't it P I ill 2T SC E E ie top'sonUcp Aicp p
t
Fouriertransformation

of Helix

If we consider the vertex corrections

in Cat SCE E ie Tcp'sPrep p ucp ATCp p
In general T is some expression involving pip'm on and m e

I QED parity conserving theory

The
pm gu A pintpie B p're pre c

A B C must be functions of m e g

By applying Ward identity fur o I do not require q o

GuPM q A t cgp't q.plB q c o

t
vanish since Icp's quip

I vanish g p'tp p's p's o

Icp's f f Ucp
Icp'scm m Ulp o



So c o only A B survive

By applying the Gorden identity

Icp'sounce Icp É 5780 ucp our I on o

We have

Tcp p 2mFcq's 3578 Facq

F and Fa are called formfactors To lowest order F I Fa 0

the electric charge

We compute the elastic scattering of a nonrelativistic electronfrom a region

of electrostatic potential Helix pix 8 Icq at8cg figs8

The
in ie top poop p ucp Ecg

If the electrostatic potential is slowly varying then q o

In the nonrelativistic limit c E 5
usops Im oc s

then
Icp soseep Utep 805seeps 2m 3 t

the amplitude

ill ie F co 2m33

This is the Born approximation for scattering from apotential

Vce e Fico lock

F co is the electric charge of theelectron Since Fico I at the 20 radiative

corrections should vanish at q o



the electric magnetic moment

Similarly considering a static vector potential Artie o die

Then the amplitude

in tie Iacp's o F t Ija Fa rips Ideas
Since the Fourier transform of magnetic field is

BRIE i Eijkqi Ideas

We need carefully extract a contribution linear in qi
The nonrelativistic expansion of the spinors Ucp

ups II a
t FFlam's
FFlam g

Ocp

Then the F term

Icp's ring Utep'syogiucp

utep's 9 8 fi up

utep's f f gi ucp
o pi

5Em
m sci É sci fi

O

citp.ol.ms

am St Iif o t o EE
gigs sistieiskor gt p'tc sis i jibok sit ieither pi

it I pi t pi ie kip's pi ok y
spinhindependent spindependentterms

magneticmomentinteraction

2ms Eiskqiok

For the Fa term

Icp'sImo Goucp 2ms't É Eijkqiok



Then the complete term linear in q is

2m y't JimEiskqtok I F o t Falo 3

the amplitude

ill i cam e y't I'mokC Fcost Flo 5Brig
Then the potential

VCR A Bck
T
magneticmoment it EmI Fcost Flos g't 3

In the standard form 91
electronspini

Landé g factor

9 2 I Fico t Flo 2 27210

Atthe 10 9 2 QED predicts g 2 t Ocd anomalous magnetic moment

One loop calculation to the electron vertex function

u

s

To order 2 TM on 8pm

Icp's step p up 1 Gus
Ckpixietop's

c iezu ich m

R'Im'tie
tu icktm

k mise c
ie tf up

Icp I Kruk n 2M 2m Rtk'sa ucpguru20 289 y die f chpi ie I Rimtie I k metre

Here is terms cannot be dropped in the loopmomentum integral



Feynman parameters

1
A B

dx dy Sexy D I x y FeynmanparametersIxAtgB

e.g
I

chpickme Sod dy8 t exchpityskim's

SodxdySixty 1 I K axk.ptxp ym

let le k xp then d k de

R axk.ptxp y'm
Ck xp x'p'txp y'm
l y't xp y'm

Then the denominator in x

I

Eckpities IK m'tie Kmt ie Sodxdydzsixty 3 1 y

the denominator D is

D x ck m tie t ych m ie t z I ckpit ie

K 2k cyq zp t yq t zp exty m't ie

y 3 1 R Ktq



let l k yq zp

then D e A tie A xyq'tcaz m

q'so A 0

Forthe numerator

Set em
Ds o

oddfunction age

5 III it's e

if u u vanishes

Tocheck guvere gungive
é é

Numerator Icp I Kruk mom Zack k'see ucp

Icp I true t

Icp I ou C Ie't l x l y q't l 2333m putp't mzcz 1

qumcz2 says ucp
t
vanishes Wardidentity
odd xay

Using the Gordon identity

Icp'sstrep p ucp sie'Sfig dxdydzsixty13 1 33

x Icp I am C Ie't l x l y q't 1 4333m
ing
am

2m zit z ucp

with D l A tie A Xyq t Ci z m so



Wick rotation

F

t
Define a Euclidean 4 momentum variable le

te il D lÉ
Then we can evaluate the integral in 4 dim spherical coordinates

IEg J d ecast Ie a m Fm 4Sd'VE LE a m

dryfiddle lÉ
LETA M

T
Sdry f sin'wsinedotdedw 2T

lÉ lecsinwsinecosy sinusinesino sinwoose cosw

Then we have

1S Ie gym
it DM
4K M 1 m 2 I'm2

Then the form factor Faq's

Faq's fdxdydzdcxtytz.es Iggy oca's

Fargo I fodz dy I I 0.0011614 I Schwinger 1948

AEP o0011597



6 5 Field Strength Renormalization I Peskin 7.13 Non perturbative

We will investigate the analytic structure of the two point correlation function

Crl T diddly tr

try to insert a complete set of states

eigenstatesof the full interacting

Hamiltonian H or momentum P

I H P 0

Let 1 to be an eigenstate of H with momentum zero Pino

Then any eigenstate of It can be written as the boost of 1Ro

The eigenvalue of the 4 momentum operator PM CH B

In thefree theory the completeness relation for one particle state

1 1particle f twp15381

Let lap bethe boost of Ino with P and Epix JIMI is the energy



Then the completeness relation is

I in art t ISISEpalap apt
I
sum over all 1Xo

Assume that so yo insert it into two point function

art doesfly Irs ISEE pen art toolapcaplolly Irs I drop into in

Then the matrix element

RI doolap sale loco e
P
lap

Crl loco lap e IpoEp E assumevaccum is invariant under

Lorentztransformation and translation

Lr U Vloco U Ulap e IpoEp

Lorentzboost from P to E

art loco Ino e it Ipo Ep Ufo U pro Vir Irs

Then for so yo
i

Rl 0004cg In I pamine r olio no t e it 9

Finally the two point function
Kallen Lehmannspectral

Lr T googly in Sid gem'sDecay M's representation

wherespectral density fan's 212738cm mil I art410 no t I positive



The one particle state contributes an isolated deltafunction

f c n 2T SCN MJ Z t

I
Z field strength renormalization

i
determinedby Isr loco Rost

410 to create a

different from mass in no

t

m is the exact mass of asingle particle

012 1
Mo bare mass Ino singleparticlestate

with o momentum

mm

m physical mass I observable

In themomentum space

faux e't crltpoopcoslrs.FIsemi i

iz

name
Scans i

pinkie S p n'tie

The two point function of Dirac fields

Sdx e cel Tye Ico In 522 Atm
F m't ie

t

with Lr 410 p's Iz Uscg
T
one particle eigenstate with P S



The electron self energy

Theelectron two point function

rt TycoToys In s
y

MIT
g
t

The first diagram is

Ic mo
p mi tie

rite mo insteadof m m most old

The second diagram
P R

TIM 7 10 I i zip
it mo

p mo p met

with i Iacp c iep d k
12k342m

Ickxmo
k motiethe

2

p ki retie

photonmass regularize the IR din

Introduce a Feynman parametr

I I
k Mattie p ki n'tie

So'd
k ask.ptxp xu ex mi tie

let lek xp then

i Iacp e f'dayfly 2x 4mo
e'sa tie I D Ka op't xu iomg

Using Pauli Villars procedure and replacing thephoton propagator
1 I 1

p ko n'tie p ki n'tie p ki a tie

Now Wick rotate and substitute the Euclidean variable lÉ ie

g decatch etat It f dlÉ ÉÉ É p

IT log
with An sect x p't xx i x mg xp



The final result is

Iacp da camo xp log XA
l a ME xu sci oops

To find thesimple at p m

define a one particle irreducible IPI diagram

win is IPI Thw ohh is not IPI

define 2 Icp as the sumof all IPI

i zip MY
arm The t

to leading order in a we see that 2 52

Then the two point function

fax in TyouFco Irs e't a

FEI theft
Ic mo

p my
mo

p me C
is camo
72mg

t

i
mo

t
p.m 47 mo p mo

t

i
F Mo Iif

Then the physical mass m is the solution of

I F Mo Iif m
0

Close to the pole thedenominator has theform of

CF m I I pm t Occp mi

Then the full electron propagator has a single particlepole with

zit I Ep y m



Then 8m m mo Iac m I 214 mo

Thus

8m I mofo'd 2 x log N
la mitage

IT IEmolog I log divergent

Thevalidity of perturbation theory would be more plausible if we could compute

Feynman diagrams using Em instead of Emo



LS Z reduction formula

Eg the scalar field four point function in xp theory

Sum up the corrections to each external leg

The full propagator is

Expand resummed propagator about the physical particle pole

i
p mi na

É II regular

Then for four legs



Finally


