4 TRenormalization

T)\Q. ‘peftwrbqtfor\ ex—poa\s-ton. 4s  visualized L‘j FQJnma\n o(q‘ajrams.
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looj: ol'inmm,s ave usu.qllj C not o.l,wo.ds) corrections to a Process 'E)\a't o.lveaofd

exists ot tree Level ”
o It turns out that the Loop {nfejmls _rot“k, are, In jen.zqu d:t‘ue-rﬁent .
Renovmalization -Bmvj deals with the covrect nter$re tation of these, Seeming 13

ill-defined, exfresston. T)\Q result s a much olee per uno(evstqnel'u‘nj of QFT

that veaches fur bejond. the vealm of Pevturbation t‘\eovd.



4 'Rej mlm' 12atton and Yenovma‘eizqfq‘on
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o(-n‘stfv:jwtsh. them. From  the venorma Rized, ones to be defined  Llater,
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The  self - energy of the scalar  field
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Ti\e. renorma{ization 'PO.YQd‘l:’m

. T’\Q, divergence. arise From 1005) momenta R 3> mass,
Je' ex-ternq.L Mmomenta

¢ also called wltvaviolat o(-?UerJence. )

The -Entejm.t“on over i) , R up to P oavises n the fivst place, because
the interactions ave Kocal <-?av3z X > small x) and the partides point - Like
¢ one d.of. at every )
. Em‘pivicouj trow
1) Fundamental interactions are XLocal ond re_'.mtivfstfmuj Tvariant up e
Some, sra.tterfnj mergy Emax , Or Some Amin  ~ Vs.m. Can never ?Yobe,
ox))'?'h‘o.\’i]j —?asz Emax.
But  Lc ¢o, ma, 20y  describes @ theory which vs Local and  loventy - imvariant
For oll energies, no matter how faxge , so it containg o Large extrapolation,
2) Relations between observables n expeviments ot energres £ Emax , can not
degend.  tn an essential way on ghysics at muech higher energies , otherwise
one cowld, vesolve mrbitvo:n'lj small  Structures with jin?tg enevgy . contradretion
to the wncartainty frincigle . Hence  if L do, mo, 26) deseribes o sengible theory,
the velations between *p)\jn‘cal, gu Gntities must be independent of the rﬁulutzqtn‘on,
But mo, Ae are not BJ themselves —pkjm‘cul, 8uq»\t-‘t1‘es/ o(m‘vrect}j measurable .

Ov\lj m 15, as are sca.ttq\u‘-J CYoss Sections, etc,



Hence, Conjecture that the jofﬂowhj $rocedure can be afplied

Q( ¢° > ﬂlo, 10)
veplace Mo, Ao by physical gFuantities m, 2

Mm(Me, Aa) , A (Mo, A0) dlfeni on  the fejl(l\vizqﬁoq
Cow\?wte, other ‘ﬂ\:’t?‘(&L observables F From C,
but exfresr thom. in terms of M, X , not Mo, Ao
F=Femay =z fCmomn, Auimad)
This should be independent of the mJulwm‘zo.t-'m and vepresent an

unambiquous , testable prediction of the theory.

Ne, Mg are tkevzjare ov\lj o.wx\‘la‘avj Parameters . T-j the above Tnterpretation s

correct any YQJ\le.Yizw.tu‘ov\, methed, can be chesen ond  one cheoses the one that

mahes comPutations Simple . Once.  the 're,sv.lv?z qtion Vs removed , the t)\qwj mey

or may not describe.  phenomena wp +to a.va‘trqﬂh )\\‘J)\ energy . It does not matter.

We will never know ( = be able, 2o tegt this ){j observatien) anyuay.



Rejulawfmt{or\. mef}\ods and Fejnmcm parameters

Consider the -nte Jrql :
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T’\Q -Ir\tejml, s ffm‘te, and  does not need re\]ulqvfzqta‘om for a>2 . The case

az= 1 was done bqfore. For a=2a:
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Dimensional veqularization

Ascume  space / momentum space vs ol demensional and R 45 @ ol- dimensional

vector . Replace

oL* ke a4-d fot“ks S TE
> —_ with = = Ve = 0.5F32--.
Euler constant

Heve & cm) s an o.rbitmrj parameter with mass olimension 1, which must

be wntroduced to leey the mass olsmension O_f the oY{ja‘naL 1‘nfe3mL w\chqnjee(_

Note that Aca; a) 7S now Convergent when  d-~3a<o0 . The wdlex <5 +o

compute <t For dcaa ond then continue the reswlt anal\ljtfcql{j ( in complex

d space ) to o= ¥
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. » Xl -t
Remember  the Following  properties ‘ij: the - fn [ (x)a_ﬁ at t7 e

e Parex) x [ex)

n

« Pent)

'l.l for nN= 0, [ ~.

- Px)y s an cu\q.fjh‘c FuoAn the complex plane with Smple Poles at x= o0, =1, -2, -

L NS P a
—_— n —_—
s Porey = ex$ (—E"s 1-"?1 n S € ) S’k‘mle mR

Riemann zetq I
Aca;a) s s:‘r\julqr For d=4 hea @z, 2. The ar-tjfno.l, integral oliverges
for oll as2 , but Wn dimensional requfarization e anafytic  contiauation

an o 31‘021‘ Qa j‘fn?te, value .,
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¢4> — 4>4> Sco.tterinj at the one foop
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Before continuing we vemark, on the mass dimensson of couplings and  fields za

Atmension al -rejulqr t2ation ,

L J:o(

xS s f % L £
(N = e

Laﬁj;l Imoel=1

£s3
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d 3 1;4:,,3:%_1

n

Rinetic term L3¢, 2, 3

d 3 LA = od-4(B-1) = 4-d= ag

Interaction term L[ Mo ¢t ]

2 The bare Coupling s no fomger odlimensionfess. In general , the dimension

of f;elds and. cou.per-\js depends on d.

Computation of the Loop -fr\-tejra.l:
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R+ aXph+ X p*-me+ vE = R+ XP) + X P - mo +vE
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_ |
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= * -'— y dx. fm—m"'x”’”s + oceJ]
(4)? E M2

1 [ + —«?ﬂ m. fdx ,e',_( |_1x—1-18_) + oc&)]

Ty
U*—-W__J ~—
o 4 with = AcpH

A cut-of§

vejvav T2qtion



HE'\CQ_

A (4) . o 2% 2
Q°~"‘P = -T2 {I-F [%-3,& ;"k‘; - Acwsy - Aty - Acu)] + 0C2g)

s, t, w  Mandelstam  vartables”

D-iuevjev\t as d-54 C€30)

Hlso dz'peno(s on Yw rcjkllr'fzo.tc‘om 'procee(ure_

Deffn?t:an oj Q —pkjs)‘cql, Mteraction StYen\’tk ﬁrougk te  value z:f the 232 Smtten‘nj

amplitude ot the Jroductvon thresholdl S= 4m', t=u=zo

(all three-momenta vanish ) :

(d2 )% Gog

S= 4m?

= -TA Q%
N
tzuz=o i

this s needed <n dimenstonal 'rajultl'rizq-h‘oq

So that £aJ=o

[ L Y
g _ o K 3 ™o a
—— At a1 287 e Acwts ] v |

Ate) =0

with cut - of § .
S A= A 1—33:1[32 :‘ﬁ -3 - Aum*)] +oe

mj ul artzatign

N= NCRo, Me) depends on the Ye\’ularf:&tt‘on , but A can be measurest dlivectly by

measurir:j LY scmttzra‘nj at  thresholodl ( ™ fractice: close to thresthold ).



Then express the Scattering amplitude For arbftvc.rj hinematics 4n tevms °f 2

[2 S e Aum‘;] M. }

£ M
Aty - Acu.)_" }

4 (4) - - ~AaAg
(dz ) amp  ~ AKX { 1+3m‘

A
x{ l—snt‘ [—-3
o

now can toke €30, Q'.So Mo= M+ 0(A)

Aty + Ay - Acam’y | 4 o(x‘)}

~
.
1)
]

« d&4n 45 now a calewlable prediction of the theery inclqo(-‘:’ the  guantum
Correction,

« The above result <=s independent ?j: e <ntermediate Ye\j&lqrizmﬂon,

This wovked becuwse the LV divergence was Tndependent of the ‘hinematics .

This was the case becouse it arises From  Loop moment ,?ager than any  masses

oy momenta.

T’\Q dejf'\\"‘h‘o'\ of A s not wn‘gu.e, and  the, fwf\ct\‘onql. Jorm if the Sthten‘-j amplitude

o{q;znds on  this o(ej‘?nt-t«‘on. Hovwever, <ts numerical value does not.

For example, couldl have dejrweo( some A b:j

4 (4') ~al A
(dz) = -TA K
S=t=wz-4y?

~N

arbitrary ; choose some value

Then

amd

J
() & -t { 1+ 3?—7;* LAs)+ Actr ¢ Ay =3Ac-4vH] +.. }

but because

2= A { am,[3A(—4-u)- Acqw\):{ }

the numerical value s He came f the numarical values of A and A’ ave correctl
.|

refated o.CCorc(tnj to the Pprevieus egution.



Renormalized per turbation t)\,QorJ

Ranormalvzed fields

S :.a 2 .
fo("'& Q,vp * < T ¢,exd ¢°co)}m_> ? b *Z $ s

_?1_ "L"'(- -‘,s

Define +he on-shell venormalvzed — field $.=dz ¢

~
t rlnormqlfzed veld
and  Green fas d
C®x, o xa) = <l T{ ¢z - plxad } 100>
-n (<3
G (X, Xm) = (dE) G tx, o X <SR T { ftx) o Potxnd} IR

< —
and. .
g PPy = DY G amp (B Pu)

~ [}
$
.

—
4

T;u's EX enctlj the combination which enters
stace n 2-Pt fns

1S ;
are  amputated and the 2 reduction form»dq_
-
(D~ 2 G
Com-putq.tfon of renormalized Green fmncﬁofw an bare, ‘I)Q‘Y't\crbo,tio)\_ ﬂ\gory;
) Cow}v:te. the relations mmo, Ae), Alme, 20) Z(Mae, A0) to the reg-u"red order

N perturbation f)LcorJ ( o(e\-ff-u‘n\, A 'l:)\\'ov;’k an obgervable ). Any  cowventent

reJu).avfzeLtrovL cat be uSed.
n)
2) Com?ute, C((o (X Xa) to the desired eorder wn terms of No, Mo
« . ™) -
(3) Eliminate Ao, mo in the expression. fer Go ¢XwXa) W favor of A, m

and muliply by (E)7 where 2= Z (MotM,2), Aalm,25). The venorma lized

Gveen ju.v\ct“ons ave free di vergences and  ndegendent oj the reJulqrfzeLta‘on.



An q.l.tevno.'t'fve. scheme s renormaliaed perturbation ﬂ\,eovj ) whidh never uses
ex?l\‘ca‘t bare Parameters, This  scheme of ten Leads to a  simpfer book- hee‘pz‘nj

jor move, cam?lz‘cqteo( theortes and $rocesses , and 'pQYtn‘culqr n )\13)&\( Loop orders,

(1) Write $o=d2 ¢ | mdz mesm | 2oz ZaRASCY heve 2, Swd, 2a still
need te be odetermined.

(2) Since 2- 1, Za-1, sm-  ove ¢ at Qeast) O(R) , wWe cun express the,
).O.SYOM gian  in terms of the rvenormafized fFields and ferameters ard  treat  the

difference as a pertwurbation.

L

T "G 2.0, - migl) - 5 $2

T2 %d - L 2Cmis ¢t - 2 BN A g

n

A€
T 2924 -1 - ¢t

A E
+ L (2-1) 29 2.$ - +[2-Lm+ 25m ] " - (Za2*-1) 4)_,(

4;‘?

-c_v + -Cct ¢

>

......
~—
S
------
-~
~
-~
~,

DY
couterter Lagqrangian
First Line in Previous eg. m Legvang The torms

v has the same, functhQL are treqted oS neyw interactions . 7.e.

Form as £ Let s considered, as Pt of Lot
For the dertvation of the FQJVIMQ'\ vules,
3) CGm?th, the Green fns. In Bus case the GCreen jns are d-rrectlj the
renovmalized ones ( onlj ¢ appears euer). The Fejnmu Ppropagetor of
the ¢ field s #e Lnot: Mg-7¢J , and the result - d#rectlj

expressed Zn terms of m, A I mo, 20 never afpear ]



The  counterterms S22 2-1 , Bmz (2-Dm'+ 28, Sz ZaZ-1 have to

be deteymined ovder by ovder in the expansion i A Lﬂ tree  renormelizazion

conditions. The scheme defined above corresponds to

—m _ 3 4t m 3 to ol orders
T MR ) Pi-m* in A
exact , renormalized ~
29t Jn. sel_f-megg in venormalized
perturbation H\eorj
% .Tr( 1, t’\‘) = dn =0
’p ‘ﬁl: WL‘ d’p; .P"="3- C*)
= ~TALKE
| qm?‘u‘t‘lt&d , Fowrier- 1
to all ovdey . PT
trransforned , S=4r, tzu=o *
Fouf-1ofnt fn 2 venovmalied PT™
Ex-fxlnc:tb n the one-ueoof ovder counterterm  vertex f\'o'v\ Lct
ST - S ) 4 k™ with Fe\t’nnm yule
» $ is .
* -1¢ 32 $7+ dw)
= 1A a Y /\1 o -
- 3,,,_3[/\-74»@&”, + 0(';:1)_] -1 (82%+ %)
)
use cut-off
rajulnizqﬂon
‘P‘”«e Sz rt 4 Sm = _A [ a 12_/_\_i+o(i)]
2 m m= moa LA -mATE A~
Sz = O
— Sm* - -2

_ a 2 A m?
e [ A ~wln =t O(T:JJ

-.) n

\&f to 0CR)



cCounterterm
- f >O< ¥ * M 7T vertex
[anp

TSR ANE

n—

- T A determines  Sa  at  0(R)

Two - Loop ovder .- %2,8m at o)

13
'{m“)= j_ + —9— + i
1-_@— + ——

S $2,.%m at o)
Counterterm DA

ot O(A)

T)\O. venormalrzation condition (%) then determines %8z, & at oca’y j‘rom the
two - Loop computation of T If the scheme =5 to wovk owt, the diveryent
Left over before one odds —@— must hawe the covrect form, nqmclj

ax P+ b . Otherwite T could. ot be made fintte with a venormelszation

of mass cowpltnj and  field.



'Renormqlfzqtu‘on sc}\emes and sce.le -o!e.-pendut —pmrqne-to.rs

Up to now we defimed m, 2  from the Location and vesvdue of te 2pt fn.

We now call these Mghys, Zos
;on-s)\zll,

One can -mpose other vemormelization comdition than (%) . This only amounts to

a  Yepwrametrization ?Jc the, ﬁeog,

‘)S,‘J_Z_oscﬁos =E¢'

Q

m, = m?)\szg + SNL}L\JS = ¢ S

> mp\Js = Tf\.’l\:jg (m, A) s a CcJ.CVJ,o.BLQ Yelm-t.‘on, free aj o(a‘uerjence,.r

foja.rent conventiohs / venormalization conditione ere olso rzjerred to a ol?jje-rent

venormalization shames

Computation of scattering matytx  efements :

o Independent of the convention For the venormalized. magss | C'f&n, must QL*OOUS
be computed For on ~shell momente 'I’-:1 = "\ﬂ\;s

e The Z-Factor in the LSZ theovem s olways the vesidue Zos of the bare
2-pt fns. Ij one computes venormalized Green functiong but wuses ¢ , not ¢ ,

n
one needs to rm(lt'iplj & amp b}j (}%) to jet the scqttqvfnj matyix

cdoment . Note  Zos /2 = 1 + 0CA) s fre from dvvergences.



T)\Q. I-V\_S (madfjiei mim?mc:.l, subtraection ) Sc)\eme.

This has become the most wiclalj used scheme. Inctead of fm—}o:fv:j renormalvzation
conditions on certain Green functc‘ans one s?»q,l:j dzjir\es the counterterms 87 .Suc)\. f)\at,
t)\ej contan ovsl3 the d‘?verje.'\‘t contribution o Ven . dimensional fejular?zq-h‘on_
The Ppavameters ™, A 4N the M§ Scheme have no odlivect ‘pkjs:caL “nterpretation .

Thic does not matter as «?ovj as all observables can be welated +to them . an

wn am\n:juou divergent - free way.

MS mass

3am* & ris
- : -2 2L m . =
on S)\QLL : S,,,\ v m ( e - “_}'3 + 1) L so that KI‘F=M o J
—_— A a |
MS dm = ne m 3

¢
&

a s i a A 1 m?p‘\

n

m()._)[i'fy\ (—')1' ]

-— 2 -—2d
MK + Dmm) Ppert

a —a A R;(-)‘-) 2
2 Mphye = M) [ 1+ == )Q'\—, + 1) + 0cA) :I
4\3 ~ 2w ( s

[}
.

'f’\d&‘?@\dﬂ"\:t N T]\Q MS mags Jg-}gm(s on m in Swh

oj #* o way that the fnjt—’t«nd. svole g

independent of .

“Relation between the M5 and the physical Con-shell ) mass

M can Tnfrincifle be chosen arbitrarily but some choicec are wicer than others,

as will be seen.



MS Coupl? nq

M «.;a[ -5 (%_3@\%_ Acs) - Ac-r)-/-\(u)) + 89\]
Iw

A
va:ouslj : A = 3;\# [—3&- - 39&-}’% - Acardy ]
e - A T3
MS s Sh -3171:_’ [ g _]
Zx - -
D A=z —=—AW) = ( I+ 85 =8n +- ) Alm) [ since 8z =0 at ocr) ]

Za M A

) A

= A0 [ 1 o }

scale - dependent cau.?ltnj , Such that the Bz\ft-)mno(.-ﬁdq <5

4n depandent of M.

T)\-is s q jemzrql. jea:tum Oj the MS scheme . All renarmalized ebjects depend on
the scde . atvoduced wih the d-dim 'fn'tejra'h‘on measure . Howquer, o  cqn defang
scale, - dependent guantities olso  dn other schemes. The wse Julness of scale - dependent

$arameters , n ‘PQT{‘I‘C\&IQY couyﬂtnjs , will become ofppavent Soon_



4.2 Ti\e sgstemqtics "_f 'rQnormo.I.izqt-u‘om

T')\-is deals with the gues tion whether all Green Functions of a 31‘\:2'\ ﬂ\eorj can,
be vendered. fFinite bj renormalt zation qf the fields , mass and couplings. This
s non-trivial , because Hure s onlj @ finite mumbers of farameters that cam
be venormalized andd the structuve of the diver gences must match the terms +that
can be added, consistently o the lagrongian . We will not treat this mqﬁ\e.rnqtl‘cJU
ex)\aur-t?odj heve 'HovazY, He matn  voleas il be come clear.

T)\e sﬂstemqti‘c o.nqusfs Wil provlele ws with o better undevsta.nd:ﬁ ‘ff the structure

oj 8uqntwm corractions and. Kead +o the tmpor tant  concept of effective guantum

fre ld  theovies.




Dejree of o(fveﬁence. and dqssifa‘cqt-‘on ‘if renormalv2able  intevactions

The jouow?ﬁ considerqtions are Jever.L ond, do not assume any specife lqj?qvljfu.

The '9\20\:-, may  contain Several different fFields | Labelled 193 f

Notation:
¥ : 4p1 FQJV\MQM o(fajmm
1 : number of —eooys

Ij' ¢ aumber of internal Lines ('pro}q\’ctors) of j-‘elo( of type §
Ej : aumber of extarnal Lines ('Pro}q\’ctors) oj j-‘elc( °J: type §

Vi i number of vertices of type <

o

Qr :  number of oerivatives on Fields M vertex of type

o,

Yl-»j : number ':f \f-felds of td‘ye. j M vertex oj type

d :  number of space - tme dimensions

Note : 4t s en.ouJ’\. to consider API ob‘QJrqrv\s. In o 1PR dm‘QJrqm, the e
that connects 4PI SuLJr&?)ls does net contaln any Loop momentum , so the

MQBS'FS can be done jor Querj ipI Com-PonQnt se?mﬁmb‘
1 4
3
Consider 1P1  sef - energy and
f[\ <D vartex Suhjrqﬁ.( ov\lj

N PotPa / Ps

Ascume that ol Loop momenta become frge at the swme vate . Move precisely , fet



powars of Loop momentum. Tn the numerator ":f the, Fﬁnmm

D¢(¥) = max
all terms o(.ﬁijru.m , q‘v\cluo(?v:j the -n.‘ntejvq-h‘ort measwre,

powars of Loop momentum M the

su?m;ff:-hl O{QJYQQ oj
d3 ueuv\cz gf g

denominator

1 'h;,gk.\.u) 1
P LR+ M

Ck, - Rsyt ('Jﬂ" At

EXQHL‘PI.Q : d"‘h" o("k‘ 1
arot (arcy* hf

:
)
a

|
‘P -

4 4 -2 - o

= 2 ® 8uadrqtfco.”;|j ds ue\'Ju\t Y

s Dcxd= mex §o,a}

The. ol-x‘quqm will certq{nlj be d«:ozgev\t f Dc¥) =0 . The cage De¥) = o

1 called ,QOJO.TT'QW\‘?CQ”:S olfuerJent , Snce JA F ~ L A

Corr\?uto;t'l‘on of the superficial degree of o(-rveso.nce..

Proj)ojq'l'or of Freld of type f ~ %g)"gf For ®som . Sg= o for the scalar
j-‘—a‘e.loL . We ‘Reep S¢ 3en¢rql. , Sn@ £ 4o for other field types

HO\O euUer, one

can  assume Sf S0

+ = ViQy + dL (%)

Dcx) = ? 15(25‘5—2)



For connected o(-.‘quqn the number of Loops s

L= X lj: -XV; + 1
N n
3 overall momentum conseruvqiion

S-fn ql.wv\:’s Left over

Also
215 + E_f = 'S..' V; nij

" Euev\xs ™ternal  (extevaal y ae  contributes two (one) ends which have to be

9

tied up with an  intevmal vertex <. The vevtices supply = VaNig ends,
Eliminate L, Ij T (%)
Dex) = d-?Ej(%-i-l-gj)-%V{Af
with A; = d-0a; - ? nfj (% -1+ §5) s a characteristic guantity For
each vertex of type

From mnow on vestrict to o= 4

Case Az 20 jo'r all vertices < ej the tl\eo'rj

= Dy ¢ 4-§E3cc 1+ 3¢)
The o(ejme of o(vaUQnCQ. decveases whan the wnumber of external -Qer <“ncrease .
Only a fintte number of 1PI Green functions can be divergent.
For scalar j--telo( -t:heorj
Gvaen  fFunction maximal, value of Dex)

om®, Z ¢ ¢ a

Zx, ¢ ¢ ¢ 1
" ved¢ °



T')n‘s su33 ests that all  diver rgences  can be removed bj counter terms covvrespond "nq

to jx‘elds , mass and cowpln‘nj 'renormql-tzcut.‘on oj the -bkcorj
.4 142 Az 42 A g4

£°"=(yk¢°a/~¢o'm°¢o)—3g -T!4>°

Note Somg timeS one needs :fzwcv counterterms than,  this v\c\)\tjsfs suﬁests; For
YR N \ - 0y

£=L¢ 2~¢ A - m tP ) - %f’ ¢* tere s ne olwerdevvt three - point Function , because
the Syrmetry cf——)-cj: jovla-:e(s non- zero  Greem functions with an ood  wumber of
Fields .
T)Le converse o.lso occuys - one needs move conter terms than the or«j:‘naL

lagrangian Swggests. Swuppose ve assume @ ﬂ\eovj of twe scalar foelds,

) '
- Zl—;(a"cbf 3,«#’;—”134’;) "2%‘ 4 ¢

'i=‘l

Then we can have ¢ ¢, — ¢, ¢, Scattertn 9

><>< + 2 more

We know that we neel & counterterm of te Form 83, ¢ to make Hus Fimite,
but we can get 7t from N anlj 3f we assume there s @ - %,'4#" terms  from
the bejinnfnj. STms avlj For ¢ . Mence we must add these terms to L and
determine the walue of the three com?l?njs A n A la\u) measwring  the strength of
Ph24¢ ,bbh204¢  $é 23¢9, scattering thlefandently . Note that
the 4%, ¢ tems are ot forbidden by any symmetry of the original lagrangium.

Hence we conclude :



A 't)\earj can be vender Jintte bj @ reparametrisation of :f-to_lds and masses and

a f-tr\\‘-tz, nwmber q_f cou.-pl..‘an ( vateractions )

\\VJ

'f_f a) A 20 fov all  vertices

by L contamms all vertices Com'pqt?ble. with the .cjmmetvfes oj
the (YQJ-/,lo.rfzed.) 'BLQOYS. ( T)IQ, veju.lq?'z‘zq:h‘ovl_ M‘Ej break o s\\jmuet\j.
Then it s me -eOVtJQY a sjmnuvj of L)

Such  theovies ave called venovmalrzable . Decpite, the oivergences n Fejv\mcm

diagrams  these theovtes are Fully predictive. ALl divergences are absavbed nto

which can be obtained Srom @ finite numbers of measwements . Even

$parameters |
f tere were no d'u‘oerjenccs , one  woud have to Par form -pfocfselj the same

measurement to determine the Ppavameters ( masses, c0ul1>\‘an) oj the t)\eov\-j.

and, supervenevmalizable <

An dnteraction s called venormalizable if A;=o

B; >0, In the PQatter case De¥) decreases ( dug +o -IW A ) when,  the

number 0f vertices of type + increases . Ultimatelly D<o always if

Vi % !age enough.  Hence f all Ai>e  the Loop oliagrams are Finite

Jrom a certain ovder and there < onlj @ Finite number oj o(wegent o(qun».g,

Such theovies are called S\L-‘Pevfanovmd-?za.ue, ﬁ\e onb S\(ck t}\eo\j an d=4 s

a2 A
L= 3c2 g -m¢h - 5 ¢

Thas 'B\QOYJ <s mnot intevesting as @ —phjsfctzl 'l'hcavJ , because Tt has no stable

3row\o( State Since,  te —po-ten-t\‘o.l 25 unbounoled From below .

Case. Av<e  for at least one vertex tyge i — such theovies ave called

non-renovrmalizable, . We doscuss tham sej:e\'qtelj below,



Subdivergences and the renorvmealization of Feyaman diagrams wiBL several loops.

The $revious o.nql:jsfs Us incomplete, because we assumed that a oliagvam 7§
Covwerjmt -ij D@y <o . This s not qlwo.Js correct , stice. the Loop momenta mey
be come —?q-rJe. at different vates , ov onlj a Subset may become farge . In Bus case
Dex)  may be neqative , but a suboh‘q_yrm may  divergent.

Ex~n1>le :

~~~~

~an?

— ol-ivegent s\«boliqjmm T
DCPY = -2 but DC¥) = 2
divergent as R w For frxed L.
Theovem (We-inberj): 7 s convergyent , if D<o for ¥z and all
subdiegrams ¥ of P

— The statemeat appears obuious , the proof @5 nevertheless tedious

For the above e.xmpl,q, 7t s clear that #ke offuerdent subo(fcsvm does not -<mvalrdete
the  fprevious statements about venormalizeblibity. Wevk with renormalvzed perturbation

t)\eovj and &y + Let . Then there o5 @ Counterterm for the divergent subjmj':k anol,

® s

+ s \f\‘n?tt
£ 2



A move complicated sTtuation avises if D(P>Yo and f there are divergent suboliagrams.
Congider the example [ “fmko. exuwpedJ

( two-.ﬂoo? se,l:f- energy Y 4>"9\sz) "P_@_'b =T

The computation of this oragram <n dimansyonal Y@V-lk"‘zuh‘oft, i the massive t}LQNJ
317003

S g s o [ Rag b se] ]

It is not pessible to compensate the divergent Ppart . brahket by a mass

contevrteym —_— since the conterterm can never Contaim Lap*.
Sﬂ\“ ()

Simce  the ).q,jmnjftm s Rocal , conterterms cqn ov\%j be ]sol:jn,om‘d M momentum

‘Howwer, P has two d'l‘uevjent one - Loop su]:o(a‘c\j'rqms:

fov this we have the counterterm

Hence at o’y one shouldl compute

'kl th S?f')
$ E P ! s;:) "’ E ;

fcj'l'o'\ 'ka’>‘kl Yejfoﬂ R, >> R,

I
H

These o(-;‘qjmms are | : .
(L 28
of the Form € ( e’ -en’P’ )

N
) '
From the counterterm C jvom —Q- ]

qcfuc.uj 'z':- & Fn f; ™

in swch way that the sum A
¢* 't)\zord,

a N ALY s o
7@{1,[] -m [-%-&-E—- +:f1m1’¢.]}

so the .ert_ouev ch‘umjencc vs Local and otef-b\es Sm’ M



The above ex ample and statements can be gener alized and proven For avrb ftrqr;lj
co m'pl'fcectei Fejn'ma'\ dra x grams C completed b y work bj Zimmermann and others 13Fo ).
The combinations cj renormaliza tion of all S\d)o(foevjenc es 'ij ther corres?ond\‘-j

counferdqumm Leads ‘pvec\‘sgh to the multiplicative venormalization contaitned zn

the veparameterization of frelds , mases and  coupbiags.



Non - venormalizable and effective, guantum field theories

We veturn to the case that Ai<o for one ( or move ) ~nteraction tevms Tn

Lamt . T)um

Dcxr) = o - §Ej(§-1+ $$) - Tviog
—

contuing ome Ppositive term , hence

Q'“J Green junct\‘on (avj Ej) becemec
olw‘uejent , \:f °“'j Vi s sujjfc-‘ev\'l'lj
,que.

= Must add  an Wnfinite number of terms with move and more f;eld; to Lt and

hence. an nfintte number of wn Rnown Cov.}l«‘-j constants ( subject onlj to the

symmetries of the theery ), which must be determied by an dnfinite wumber of

measurements.

It therefore afgpears that non-renormalizable theertes are unfredictive . This  was

andeedl the attitude in the eo,rlj period of QFT < until about the Late [19Fes ),

T)\e modern $erspective , howeoev, (X3 guite a(?fjerent.

Consider the example £:- 1 el dup - m‘cﬁ‘) - %‘ ¢ 5

Since [$J =1, +the COu‘Pl?nj has  dimensionn. L[2A¢T = -2 . We can write Ag= i\é s

o -
where M s some scale chosen So that 2 s oco) .



This s jenevq.l. Since I LJ =d  the dimension oj a COulps‘v\j 3+ mul,t"‘pl\j«‘nj
an mteraction term with vertex Vi %
d = EJ;J‘P ar + ?n'\‘j(?d-if S:f)
\N——)
dimension of [45J.  From the kinetic term vn L
qlw*\Js d = 2I\)-J:J + 2(CI- S‘J:)

= L[3:7= 4q

Hence write 95 =

Go back to the example : the ¢° vertex dnduces 292 ond 434 Scatterig ot

the one - oo Level.

Both fLoops are o('n‘vo.r\jen't,
P g

ﬁ ﬁwjfvst contributes to gaq ) the
g h

second. vegwires that one adds a
As’

X?z ~ —

A
s
r~ — Y
MY ] 4’8 term.

M2
C qctuquj -p’-; m here J
This sllustrates that above statement that one must add aoll possible interactien
terms to L,
Now consider a Sc«ttem‘nj process where,  the particles wmuvolved have momentum
not »?mger than  some ener gy E ¢ dn the ems frame), Then an Tnteraction with
A; <o contributes an  amount.

o
lTeql o) \‘/}\.; % where D- 145l s the dimension of l_l}al



> If E<« M e contribution of non-renormelraable interactions to a scatteying
frocess U suppressed , the more the higher P dimension of the Jateraction
oferator.

HQ'\(Q, 't:f ong 1S safa‘sjfed with mab‘nj predictions of finite accuracy onlj

a finite number of non- renovma(vzable. inferacttons Vs ever relevant. Hence,

non- venormalizable, QFTs  are. a8 fpredictive as venormalizable theories , as '0°'lj

a5 E<< M. If ene wants o increase the accuracy , one needs to anclude

)\13)\2.\' olimen ston. oferators |, but the re 8‘0‘?2&. numbey 2 o.l.wo.Js Jonite,

To summartze:

Tenovmalv2able @FTs :  The nteraction oferators have olimension s 4 such that A¢ 2o,

The 't)\eorj can nprinciple be used o caleulate, processes at
avhm‘tr«vj energy Sclles E. = It is a candidate fer a
jur\.o(qmenfo.l, / f«‘v\QL t)\eorj oj Nature,

non- renovymalizable @FTy:  Includes <nterqction operators of o.rln‘tru:j olimengion but

onl:3 a finte number < relavant if energies ave Frmall
enmfj)t =  Predictive QFT for phenomena below a certain

scale M . Such theoviey are also called effective  freld

theovies  for E <<m,
The distinction s 3 Fact not as fundamental as it appears. Since one will never
be able to ferform expeiments ot arbitrarily quz energies we will never hnow
whethey & venovmali 2able t)leorj that wovks for emergy E 75w fuct onlj the a?e«of-‘-j

term of o non- rensrmali2gble tkeoﬁ For E<<m , because the twe camot be ol»‘st.‘vju?:)\eo(



An  effective  field theory  example,

EFTs can be very u:e_fu.l. in Practice , even :’_f the description  wn tevms c:_f O
venormali 20ble, t)\eo:j exists in principle.
This #s illustrated with the Sollowing example of a theory with twe scalar fields

with very different masses.

a a_ 2 R
L= 24" -m g™ + 12305 -img -3 -93¢¢
"My, ga oMy
Note that Bus is a supervenormelzable theory. We cowld add the ( ¢+1>_)2, 5*

and j"cl?"‘tf interactions, But Jor the fresent PurPose we can set them to 2evo.
2

Assume that the energy of Scattering processes s such that Pr, P, m* <« M

For any external momenta P P . Ti\ev\ we ovtlj have to consioler external fnes
of ¢.¢"
only ¢ ¢*

Since 4 particles canmot be produced , we can write oown @ non - renormalizable
effective  theory contataing only the ¢ Fields, which veproduces the sextterhg
qm?l.‘tude.s czf the fwlL +)\Qorj to a\j?uen accurqcy. One Says that one .‘M-grqfe,s

out | the keqvg scalar jtelc(- Tluu, we need to f:‘nc( Iej:f such  that

- T E qe --------
T@dl computed, B IG“ computed N O( (K) ) "
with £ vorth -tqif o

¢ : depends on desived
L4, hp .[_'QJ:J: (<P) aceuracy of the

approximation,



Consider ¢¢ - ¢¢

i
v

., 2 T )
= (-19) [ —— —_— ]
‘j t-m? M o-mr

N s E )
~  (+7) ve +0(jm) = >< + .-

We can rQ‘ono!uce, thas Lﬁ u)vft'fnj

“»

Lofs = 2u9* 2#¢ -m¢'d - % ($'$)’ where Ay = =29 /m?

But we need more vertices .
s mnot complofelj re$roduced bS

\Q . \g/?— s Lejj , which contains on.lj
/\

C 3 movre) % + 3 more

- R 1
195 -rhy T3 5 T (474)°

Se we need o - 3,«‘#’ 279 - "t’¢+4° “%""4’+‘7’31‘ %,:;(‘P-r‘f’)g

with Ae ~ 33 k: / m* dimensionLess
At this erder in Ym* ene should also includes o term (¢T3, ) #4¢TP)  which
comes _from the 0(3‘1>‘/M4) Correction to <f>4:-34>56 sc'\‘tten‘nj _ Thus it is clear

that we Can reﬁlac(

Lo -[ejf

for the purpose of oleScr.‘b.‘nJ Low-energy ¢ E<< M) ¢ scattering processes.



T)\'t‘s extends to leoo-‘, ol-a‘qyrnms :

.Y
_a;_“ = Q + —_—— +
3 3 Ay ~ g Z,8m'ng’

which  determines  the change of the mass and  field, renovmalization due e the

-}Sre:ence aj ol

—
:':=><+>Q<
[ ) ~x A
‘l
~ Ny

N AY

Ay Ay

a new contytbhution
to Aq oj order 34/M"‘

The  successive computation of corvectlons to the couplings of the EFT s called

ma:tcl\\‘v\j. For this to werk ©t vs important thet vemanders are Local . <e. arise
Jrom Loop momentum R M > E. This olwq\j: work out , because by construction
Leff veproduces the How- energy physies from ke~ E . To see this constoler the

above o(-‘tcjvqm
1 1

|
R-m* o cR+fi- po-m2 LJ Y
‘h; + . k'y T)n‘s covmg-ponds to >O<

kbt This contvibution <5 & complicated, fn of the Pe

&:ow‘)

can expand < all pr so the ?Vl'ijQL o

Can vep '.ch,

&
----_->.-____
_-_-_-(_-_-_

b

and  not ‘Poljr\omrql ( = aeocql)

1
>

d*k 1
Qm* ¥ k- mh)*

which can be re produced. LJ a Hdocal wvertex, ><

X 'poljnomn‘ql an -P':



We can tehe two perspectives on this  examsple :

()

(3}

If the full theory s hnown we cen we the EFT , because the calculetions
ave Simpler —  provided we are Tnterested onlJ “n physies at scdles

E <« M. The S‘?mpln‘c\‘tj artes because the effective Coufl.?njs Ay, Ag, - Qre
process — Tndegendlent and  can be determined once and  forever by matching,
Afterwards one can wuse the simpler theory of a sigle scalor $ield.

If no experiment ever accessed owrgy scales of O(M)  we cennot hnow  For
certain what is the Full theory. AWl accessible physics can be descvibed by a
non- venormalizable thery  of a stgle scalar  field , where #he cousplings
Aa, Ag, - are determined b}j experiment . Once their values aQre hnown , this
provides constraing on possble Full theories at }\*3)\@ scales , because the
measwred  value of ¢ may not be consistent with the ene  predicted by the

)\3'pot)\esfzec(. Full ﬂ\eovy.



’Renovmalfzq,ﬁan of composite ofperators,

It Us sometimes necessary to comsider scattering matrix elements ( and hence
Green fns ) with insertions of composite operaters  OL$J(x) = froduct of
ffdo(s at the same space - time point ¢« Local) operaters | 'poss?Blj with
devivatives. But  Green functions such as
sul T ofg3ed deyd deyay o }Iso
( ov move com—pl-thted, ones with seueral composite  opevators ) are not rendered
§ite after  venovmalvzation of Fields , masses and  the cowpl.‘nj Parameers  of the
lqgvc\hj‘f&n_
Example : ¢* tl\eov:j , operator ¢
let ¢o= &G . o= 2 ¢
Consider the venormalized  Green Function
Gex, o, 232 <l T{ oo ¢eyo ¢yr} 100>
= Z¢ X' efZEY)? s T qﬁ:cx) qS,,Qf,) ¢,cJ,)}ln>
1

?
1

]
i X

) - : : .
—/\ + + /\Q +[<2-1)+<Z¢=-1)]N + 0()
Y Ja 3: Ya +%m

C1d (2) €3) )

A
The d‘fue’(je'\(e. “n  thee two

tb'oj'foms +s cancelled bj

replacing Mg = mecm, )

in the two pvmpajwtovs " /\



The naive ascumption wowld be Zep‘: (2O from the venor malization of the Foelds.
But <n ¢* t)leo'r:’ dZ2 = 1+ o) , hence contribution (4) vanishes at oc2) | Bz (1)
has o Logarithmic divergence , so the venovrmalized Green functon would wnot be
finite
“—  Need ofevator venormalization , that s 24 4 ¢rhy

Then choose Z4* -1  such that 9 cancells the divergent part of (3).

In the M§  scheme Zyp -1 = -é- pole part of (a)
The veason “’)‘j 4*.::0 venormalizes differently from  Gux) > no matter what

y-x s that the Local Limit Y3 X generates new wltva violet divergences.

There s in FJact a c’.osq, relation, between Com4osite  ofperator and cawp'?-‘nj

venormalizaqtion . Add
L. com-poﬁ-l-e o?evqtov
-
Q O Co 0o(x) to the effective lquanjﬁ‘qv\
i Les ¢.4% ¢5.. ]
* cowp-eh\J"

The fact that one needs Cowpf-'v:’ venormalization | v.e. Cos ZcC s velated to the
fact that YQSCQ.I\‘\J the fields <a 0, s not enough to make Green fus fimite,
In case of lagrangian terms Tt ¥ comventional to associate the Z- factor 1with
with  the concp&‘v:j C, *n cae of “external ? oferators one assoctates Tt with

the opevator Ttself.



O?Qrmt ovr mfx'z‘ns

~

S'u-fypose, O s a Lo cc,l catnuposn‘tq, o-pero:tov oj mass o(t‘mﬂ.ns»‘on. D, 2.3, qS"' an
¢¢) - .(J\eovj . T')\QV\ Go= ZoO may not be e,nOujk to make all Creen fns with
cdlementary fields and an tasertton of O fiaite, 3f theve ave move operators of the

same d<mension.

Examgle,
< Tffﬁ:(x) ¢o(3'3 4’0(3*)} IRy = y-—&—-
' X Y.
) ?C ap + bm') o(-l‘oevdmt part < p: m’ b5 dimensionel reasons
Fourser Here a= o
'h'cmsjom
Thes o{-rqujence cannot be cancelled bj any rescqla‘qj Z+~ = 1+ or Counterterm

from L s?mylj because, there s no tree ol-‘qj'ro."\, but the divergent fart has  the

structure  of e operator 2*¢ 3,,4: ( «a) or m_‘¢’ ¢ «b) corres-ponding

to —%— aftbm’

Ti\e So,.ld'-‘or\, as operator W\'tx'fnj . One needs to consider all operators oj odmensten

D, here ¢*, m'¢’ | 3.93%¢ , m* 1

Then
Oio = 215 Oj

~n~

]
matrix ?f rqnormali‘zqtfﬂn congtants



2 <RIT{$% 0 Py > = ( 2'13.3' 27 <] T 05 0 ¢y ¢peyar } In>

-L + —_— 4 — + e

¢ me 23 (4 2
!
= ffn7‘tz.
D (2= 0 stace  ne P and  Zo 2o

In this way divergences Can qlcoo.Js be vemouved bj renormqlfz?nj the complete set of

Rocal operqters. Simpli fications Q?NJ to ofereters that ovanish bj the eguation

oj motion Such ag 3,,.43 3‘”‘¢ - Y'la¢t.



%3  The renormalization growd
Begin the discusston with two observables
) T)\Q need j!o-y- YQj"J“YfZQt"W\ QLOQ&S antroduces @ new scale A For cu't‘-oif
rejulqyizmt«‘om
M Cor X)) Fov dimensional 'rejul&vhqtc‘o'l, Note that s shouldl not be viewed
as @ cut-off . The am&lojue. of te cut-off s J& | but ane meeds the
renormali2ation scale M j:ov- dimensional veQsons
When A5 g or €36  the dependence on Hhe scale may remain depending on the
renovmal<2ation condition. Such os v . du olejn‘m“t-‘om of ZXev) or tha olwm, reg.
scale s qn the M§  Scheme A
15 L was scale - tnmoartont as a classrcal f‘\eov\j ¢ & contains no drmensionjwl_
'Po.vqme,tevs , N 'poat\‘culw mus:)' Scale - ™muqviance s chtou‘vdJ broken the
rejulqvfzeo( éuzmy_ When A 34 or €90 scele mvavvance -s usue..llj not

vecovaered 'kcnce, ol:l_u'l‘q'tt‘on Symmety ) amomul.ous_
) Y j

* Congider ¢¢ = ¢p¢ scattering at kﬁk energies , S~ -t m-u > wm' for the case
wheve the caw}l.‘nj A was defined Bj

o~ (%)
(E)“- CQP\? I S=4m* H -TA
tow=o

Sy A T3 :
(Za-1y = o [ -3fds Atsm ]



Then

. < N a
5 T4’4’—>¢¢ = -1'»\{ It 7 [ Asy+ Acty+ Ay ] + om,}
— R I e e e R R

S, (1, 1wl 3pm*

)] 2 -2 2
- - o _1
Since A = L dx S22 ::‘1’ PO B —

> The perturbation. expansion breaks down wen for small 2 whan 9\8«% ~ oc1),

ie. dn the h'ﬁh-ener&g Limit .
This s a strange vesult :  one would lave expected that one con smply compute
the Process setting m=o. Instead the veswlt diverges For m 30 and the expansion
breaks down.
The veason for this unerpected behaviour 1 that the renormalization condition , which
defies Za |, depends ot m" and does not allow the Lmt m-so. To nvestiqate the
)\1‘3)\-@&33 Lt one must use a definition of A, which oloes not have this
—on?eﬁﬁ , f-ov instance e MS cou.p-e.‘nj ACM) or the cou-pe:ns Aev) |

Use MS :

»mS ACKR) 3 S

S — & t O(A

Z 1+ 225 3
H
m
2

- Aem'y ] +oens (*)
M

x 2
A /A = Eal 2R = 1‘5[32"

= -£T¢4,.;¢+ ;-ilc;k){l-l-wfﬂv\%..—fv\;:; +2v\;:,]+om’)}

3arc
There are no Large  Rogarithms  for s, -t, -w > m provided ome chooses the
renormalization scale  ma 0(dE) and Perturbation t)\eoxj s well behaved, proovded
M) << 1 for M 05y, e provvded the scale- dependent ov vunnag ? cougpling

-

<s sSmall at the characteristic scale of the frocess.



Computation of the scale dependence,

Question s how to compute Awm) fFor different M.

Suppose A s kRnown = Cannot wse (%) to obtatn A(dE) d'?fectlj , because
LS

the exfansion < AbT A o) is  net well ~defined.  Instead

A — AMmaAm) — Al MAl5)
~

(%) i
evolve the MS$ couﬂ-‘vg From M, to Ma
Bare Cowpl-‘nj Ao s Andependeat of u, Ao = z3" e A1)
2 LXawns K4 [ &) *] 2
Ap‘ AA‘ M A
= -& 7\(}&) - ‘._ ( M‘*— Z,:M?) R(#) (+)
Z ohett
= B L fintte as €3 o] " Stmplest Form of a
ven ormalization group eguation )
AlMa)
2 2
= d}:_ = &7;\ > 2’\-&; = -;T:)
M Ben) i A1)

This  allows to compute AUm) from A(m) Sfuen M, and M, .

S'a‘m‘lavlj jor masses U)rf-te. Mo = Zm MR,
2 d L O - . B .
”~
i "
Mo Tndependent of = WHalA)
dm du® Tml2)
—_— 2 = TmiA = o
m(p®) M mi2) A E(ﬁ)
A(
T g B

A, T J

Ma
= miMa) = mMm(M) exp [JA 7Y
'

From this can obtan mcsa) from memd . For s.‘m-pla‘c:-tj assumed that L containg

only one coupling. Otherwise, one hes @ coulpedd syctem of severel differemtial egns



% 3. Overview ‘?f «poss-‘ble. sc‘?le de—pendence

A) Trivial infrarec{ C1IR) f-:xeol point.

Thas case s realvzed o ¢* theory discussed above and  corresponds to

B >0 for small A cand gzo)

3
FPY of 3

¢q. f)\erJ : Za = 1+

>

(]
drop Super script MS

| 3 d 2
- —_ Zn = -
> 2 dl, ae e Ap) + 0CR)
@(A):~Ek+°l7?)--3: 3 3 AR + aca_")
2T
. 2 3
T.e, @(7\.) = —E£A) +32-‘n'."' Alx) + °cX)
€30 3 N a
= ge Xt o(X) = e+ -
a A(Ma)
o a7 ]
' ACM,) Box
Yy o [ | I ]
sl ,,7' 8o AR) (M)
y"(
7
A 2 NM) = M)

2
1= By AUA) L Lo
Po ')/?'\ 70

Hence ckoosfnj My 00Mm)  can comPute  Ah) For Ma A O(E) . Hee we only

need that Acm) a5 small n the dntervall meLl u, m] but not +that

ARapss/u,  is small ! AU ay)
N

Since @o>0 A(MR) ncrease \m‘t‘\)(, and d?uerjes at
|

L saccmaaaan o

/\’ip = }&zQ. Bo 0o

the landaw pole scale .

while Jor m=2o0 also Acpm) 30 ( IR j:ixed Point )

ALp



¢« Since  AUx) needs to be small for the above to be valid , the guestion what
reqllj happens near Aip can not be answered <n Pperturbation theory.  One would

need all terms <n the expansion of e,

However, one can conclude that the tTnteraction becomes s trong and  non - Pertur bative
at )\1:3)\ enevgy. Note thet Uf  AM) 7S small qt Low enavgues Nip 1ts

exponen f\'quj farJ e.
. T)\Q term * Frxed point " refvzrs to  the cht that Bced =0 j-'or 2x = o. At
the jixeo( potnt the Yunm‘nj oj A Stofs. Trroval j\‘xeo( points are those,
with v«.m‘ska‘vj values of couplings , siace then the theaaj N foecftaelj Free.
Here, this s the case for mso0 IR
e The use of Yvd\m‘nj cou.'P-eMJs can be viewed as a resummation of certarm 4PQUQ

terms in the Perturbative expangion to all orders.

Lot %xzs x-ta-u , then

N . AP coefficlent of ocw,
b T.H;.-; ¢¢ = - A [ 1t 3amc? x ne -e"-"j'l ‘e‘ﬂs o ]
. AlM)
].'\SQY'th 7\(‘6) = 3 Y oNneR Yecovers -tl\g, S‘tQ\"h\f:j Qx-prqggfoa
I Pyeers Ac "e"‘,?{;

.ulrc* [ Acsy+ Actr+ Ay ] + om‘,}

> - - -\
— R LT~ S TS P P
S, 1t 1wl >>mt

2
~ LS A nH N\ «“ )
and an tnfinite  gerves of terms A M) R % C © Leadwng fko-H:kms in

ewz«J ovder ). The thn-fnj coupf-‘nj sums these terms s\\jsfgmqt{cgllj,



B) Trivial wltraviolte (UV) fixed povnt:

@(7() = go'/kx-r--- but fo< o
@(7\)
AMa) = dSar RS a
- LS
R
I+ (-Bo) A(K) R 2L
go D CS M7 N
D]
o)

T)\e cowp)@inj decreases with m [ q.e effective interaction stre,njth becomes
weaker  for 1.-51«»— enery y scqtten‘-j (= triviel UV fixed point)

On the other hand , as m olecreases A increases and  becomes Wnfinite at
some scale Arr. Ajm‘a tis shodd be interfreted as entering a regron of

Stronj coup-@-‘v:j , not accesstble to fper tur bation tkcov:j,

This  occurs for the theovy of the Strom§ dnteraction , guantum dlrom‘adjﬂques,

For ex?ex-{mmt .

dg()t) -_3 o

2 I3 p

»S [ NTS(M
de¢ (mz) = 354_3(.8)] ~ 0,118 - QSjw\?te‘h‘chB j—‘reg"

N
mass O_f the 29 boson. o 91CGeV \ ds(m) — A fov

ods(}) Nzp ~ 200 MeV
N bound,

States

asym$p totvc  freedom

e s e e = c ==

AR M



c) Non—tn‘uz‘ql jfxed pornts
Thas vefers to Situations where there exists a Ag ¥ 0  such that Bcax) = o

Two cases:

(1):
\6(7\) UV stable ffod $ont :

v.e. wndefendent of the Startig value 2

> A
A <
£ (\)&7\

This occurs since For A <Ax ga)se  hence -fv\cveqs?-uj M Tncreases A

wuntil A% s veached. For A > Ag BcA) <o and A decreases as s

increases.

For m~e the be hav tor de?endS‘ on whether one starts with A > Ax  or

A<Ax . In the above example M=o s an IR stable , triviael  fixed povat.

IR stable fixed ovnt:

(I) F(?\)
/)7}(} For s inCveqsfnJ , A s repelled from the fixed
|\_/7‘* o 3
N N 7’ (4 ?O\ﬂt .
T

In the example A=o s a ULV -steble , trivial fixed

-Po'ffl‘t.



Renovmali2ation group Flow.

This can be jenerul'a‘zed, to theorrtes with several couM.‘nJ constants Av. We
assume  fivst LAt = Ay = 0 ( venormadi2eble ),
2 ol . L sk
Mo()).‘ A Cm) = 6‘(1\3): Eiljlk"""
Coupled system of olifferential eguations
Fixed 4oint solutions: a Peimt Aj 10 the space of coupkng constants,
solution.

%* . . N < < * .
wheve  @5cajd=0 V< s o fixed potnt, stce 2juy = A7 <5 o«

Fixed poimts can be attractive or vepulsive. Depends on the eﬁenoqlus of

the Auvnearrvzed sys tem .

2 o 361'
}L 3 h' = [- } 7t _ <
O(M 1 371& ,a* C AR 'AK)
—

constant matrvx  Ask.

Attractive 1n the directvon of negative e13evloczlues , repulsive Fov Ppositive onces.

AL A & "
attractive .
- Flow dicated for inCreasiag M

A . .
divection

're'pvnl.h‘ue.

oirection



Now <nclude dimensionful coupling constants and consider the flow of coupdings
in o non- venormafiaable theory,

L= 29034 + X 2 0:

n

a Nyl r) A0
TP - amuog’ - TR - TP 04

+ et
r m O A a
Intvoduce olsmensionfess cov:pa?enjs PR W e y Mg = Ag () |, Mg = Agem) M etc
Then N A
2 d A - . B 5k A A
M d)a.; T - 61(23) = - £ 7'.1-_ + 6{ 7(3' ﬂh +

A - Av

since fJor smell 2; the u- dependence <s odetermined bj the trivval factor ()T

Now assume the theory s valid at a farje scdde A > energy of scattersng
A
experiments and masses. Also assume that at this scale all couplings A are

of the same order 0 but small enough to allow a gertwbative expansion.

Then

A
A2 Ai da? A N N
,ﬁ{ = - a A: 3 /eﬂli = —T/e"l)& + Const.
- A3
A ~
> A ) = A3 CA) x (—%—) + CcorrQctilons,

e Non- renormelvzable cou.j:fmgs ( O:<0) become untmportant for maE<<A,
E 44zl
nqmelj oj order (T) in  agreement with the Prevvous dascussion,
This explains wk:, /eow-enq.rjj phenomena  are described  apgroximately by

venormafizable QFTs,

Oerators Oi with L[0T >4 are -B\erejore, also called <rrelevant.



S'wperrenorma-@tzable. cou—pl-‘njs grow  for << A Thas applies wn  particular
fav mass  terms:

ﬂf(;a) = )Z 71\;(}&) = /\a ia(’\) = o¢( /\1)
A mass term m"c;«) < /\z vesm‘re.s that one fine-tu.nes 7'1\“/\) to \2273
small values.
Operaters with L[0:] <4  are called velevant,
* Renormalizable cou@ﬂ-‘njs' and. operaters with L[ 0:J =4 are called ma-ri-tnal.
Whe ther -tlxej gvow or not for m )y s determined bj the vext term |, @.fk ,

not bj theiy mass dimenston.



%3.3 Renormq.l'fzqta'on j’(O\(? ngoch‘on fovf Geen fw\c-h'ons

Renormalization grevp Sunctions :

2
(&1‘(7\5) = M Lo A3
a
Tm CRy) = 2= M mass  anomelous olimension (+)
M
‘K’ M‘ 32¢ l N .
¢ (Aj) = L 4 f."elot anomalovys o(:me'l&'aon,
Z¢ X
d operator o.namqlou:
_ 2
For com4osite opevators Tmn(?\d) = (Z)mh © 73 Zan
X dimension matrix

' will become, apparent.

The origin  of the term, " anomalous olmengion |
Now oderive the scale - olependence of nm-pt fns.

mass dimension  dencteol by olg

M)
G P, m, ) .
renormalized n- Pt fv\ expresredl <n terms of

( momentum Ssface)
renovmalzed Parameters,

Now vescale oll external momenta bj @ Common fFactor:  pi — a Ps

Pi/e; — P/ 8 P = aPifin = P/

G cap:; m, ) = adq Ecn)c?c;"}’q,m)
But thrs wrong
because G also depends prla‘c-n“-bl:j on the venovmalization scale .
T)w. corvect statement s

N(n

)
G capr; om0 G.anc"%?fs—'%,?t;%) (%)
The 3012 s 10 construct a RG egn thet allows ug to chav:jz Ma back,

to m. Note m, A on both side of (%) refers to memy, A(K).



Tl\Q bare.  Green fu'\t'l:fon s +ndependent oj M

2 d n ~(n
/&o()&*[ Zq,/z CC)(‘Pi;MCﬂJ:7\<ﬂJs)’~)J=°

29 -V 2 3am 2 22
> (}*a}{; A = s L2, —:—-&——2 )a‘cn)(?{;lﬂ()&),h(}&);ﬂ)

3 A 3 am Z¢ 24¢
acen)
= [ @M)— + Bm(2) "l:—m * 4 T4>(MJ G e s Moo, A 5 A)
A
o H
- Define this as Fouy , where may, Agm
ore colutions to (+) with initial condition
M(Mo)=M , A(MKe)= A,
Then
3 d n
+ — T (A( ))] Fexy =
[Md;«‘ 3 Y (AR M o
3y
9
> Fouy = Fomo) exP [_% J“ d ]
Mo
Ex?l-icitlj
n
/\..(n en) -‘—Yr (A(v))
CPi; Mmoo, a00; md = G CPis MMa), RS 5 Ma) @ M e

Use this <n %) [ left-hand stde ] with p: - aps

n) "‘—J*r -b‘ (1(93) A
CaPi; MM, A(Ma) ; Ma) € Mo ¢ = a.°(G G‘"’(‘Pi;%‘:’p, AL ; ’f‘T)

(



Now choose = ame , the vemame mo > x

A Y de )
G code; mu, 2005 m) = ad“ ex$ [ J: e n ¥ ( Acay)) (%)
AL mca )
< G CPis o, Maw )

Cow\j)qn‘nj this to  the neive , wrong vesult , this 45 an additionel factor , which
modif ves the naive dimensional SCQ.ler adc , fv\vOIU-‘nJ the anomalous dimansion
of the freld and a c)mmje. in the mass and coupfing arguments which  tokes wteo
account the scale dependence of the coupbing
Notes :
)y For amputnted Green fng Md—)«‘[ 24:"/‘ Gapp 2 ] “%  hence

n%’q; - ~n2r4, T (x%)
€2) Ij the n-$Pt jn. involues a comfposite oferator Oi(x) nsteacl o:f

¢x) , there s a contribution from the oferater anomelous olimension.



Agpplication & Examgles,

f\.(g
Consider the 2t Function of a scalar frld G % 4% mou, A0 5 K)

dg= -2
To..lle, Q= 'P/‘Po
A0) 2 d—'fzb’q,(mq’u) @
G (-p 5 MOG A 3 ) 2 e ! a' 1 M(Q)‘) 3(0}&)5}4)
Case o)  small coupling Tpear= T A+
gy = @o ree
Q L ,
ex?[ﬁ % 23’4,('1(«)4.))]:@:?[ J
;4"
Ala) ,
= Qx-}[ f 0(7( (gﬁll) J
Alp) Beay
[J-m(q;u
~ x
? ACp) @ol }
Opa
i L mq;u} ) [7\(«;«)
- ex?[ B I Al ) B A0 J
AC2) [ F°/e° a
2 G P Mmoo, ape; »n) % ',F A$) X [ $- independent + oC ach), mf_)J
Poe 4

Devration fvom the naive ch_l:nj

be}w.uior %g,‘ from olimensional omaljs'fs



Case b) Non - trivial fixed potnt,

Bca)

Qx?[J:Q-O%) 2K¢(Z(Q'/&))] x ex9p ( 2 Tp (A) f'q%:)

(%;)T}(l*)

~(1) o< !
2 . —_—
> G (1; ) MOy, A(R) 5 ) ;)1-3’1,(‘»\*)

$ap P

x [ $ - Tnde ?eno(ev\t.]

-~

Compared to the small - coupLing .,&an‘t).m‘c mo dif i cation
heve the power - Law chujes and i this gense the

frelol dimansson c)uuges Fram 1 5 1 - Ve

near the fixed point.

The example shows that near a fized - potnt guantum fields can behave Lihe objects
with, a dimengion different Jrom their canenicel mass dimension. This can have
Tmpovtant, —im-yl.‘co.t-‘ons jor renormelv2ation -theory, Our o.nalj s oj venormelv2able and

non - vanormafizable, theorves was bared on perturbation t)\eo\vj. I the theory has

a non- tyivial UV fFixed, pomt. ( a guestion that canmot be answered < the

context oj @ ?ertuqu.ta‘ve. expansion n A, which assumes A =g while 2% s a

Finite number), a theovj which  Looks now - renorma £+ z2able 55 perturbative powser ~count'y

moy  Pn Fact  be venormalizable . In this case what counts s the anomalous dimensions

at the fFixed -point,



