3, Path -Mtejrais & Functronal methods

The classic double slit allows for two paths between the initial and final points. Adding
more screens and more slits allows for more diverse paths. An infinite number of screeng
and slits makes the amplitude the sum over all possible paths, as encapsulated in the paty,
integral.

3.1 The Ppath -fnteJn.L ™ guantum me chanics
Constder o @M system with only one coordinate  §  and time <wdependlent

Hamil tonren Hep, ¢

Position operator : @n (t) HcfSQV\LQTJ Prcture
Qg Schrsd JQ\’
3 -THt /A
with @uetd = ¢ Ht/ﬁ@s " * [ heep % to ngkl-'ght e  velation
? Of closn‘co.l. to 8mmfun 8"‘\"1"‘1‘«‘?3]
tahen at o fixed
time (¢ say . t=0)
&sft) = Gs(0) = Q , | ﬁ,t >s H |8’0>S = ]3)5 does n’t dQ‘Pend on &

(Y, depends on t
g, tou, Qy ct) depends on ¢

Iy, > = 14,05 = 14Dy does n't  depend. on t

Choose Que) = Bsto): Qs 1Y, 055 = 14,05, = 14Dy

-1 )t - P
e THC Ps, Qs /kl'\l- e T Hc s, Qs)t/'k I

Y oy

u

1Y,¢ 2

s B3



Faj nman  kernel

The path wteqral 45 formulatedl to describe the time evolution of matrix  elements

between eﬁens{-o;tes of the Gy ct)

let 1¢g,t24 denotes such. an eigqngttte,,
use Hower case % and $ to olenote

Guet) g, toy = @ lg,tDy € e-.‘jenvqlues

Heve 1¢,t>y s velated o the S‘ckr'o'o(\‘njev evgenstates | g >, of & bj

~THtA
l%>8; 31 '8.t>;.|

- -THt/A
Q'LHt/K Q e 1 | gty

see : Auet) 1¢,t3 = 3
THt/A&
= e QS I 8 >‘S
<Ht/R
= ¢ Lg%
= % , %lt>H
1°  19.t2h s the time-dependant state, IYD, 45 time- independent,
2’ | 3.t>0 5 not on elgenState  of Qycth  for t'4t
+0
THtA (T -THtA
3° [§ t>q are complete f dg 1g.tysgtl = & C fmds 1% 5%1)e
ki

=1



Constder the tnner product between twe  Heisenberg  states
Feynman  hernel Uc g’ t'; ¢.th = Kg" t"1 ¢t/

Rewrite U in terms of 9ckr6d1‘v5er - picture States

_iHet-tHhA .,

U(%":t"j%’,t,)=3<8'n,e, ,%>S

Then U governs e evolution of S'c)wSo(z‘nJer - Picture wave Functions

T)\e. 'po.t)l. -tntejml,

Rewrtte the exponential n U os an wnfinite  product:

Veg' t'5 ¢, #) = & T<g'| (- aHseA g >

with stz [t-¥2/m] 30 a the Llimit.
Insert the dentity operator s Jdgigy gg
" "
Ucg' ¢ g8 =,{0:‘q,,[ ny [dg. < 8:l ci- i HBtAY 184> S Ga- 8" |

w%}L %o S %’.

E.j, n= 2

Vgt ¢, €)= Jdgidga <g1 g5 <3al t-TH8EAD I3

x<@l C1- 5t HAYI§>

3

<@'1@>¢El  132<Bl 19> 21805

t»-'- t; tl 't’:. tq

Sc g%y <Gil -THSEAD] Fa-d

=1

< fime



Reduction to classzcel %uant-th‘es

Insert wnity <n He form of o complete set of conjugate momentum eigenstates.
1= fdp 1p><pl
vcg” t'; §.t) = v%‘-” [ cxk) % fl_f J"dg; ol fotp, ep ¢ h §, /)
x <Ps] CI-THEEAI|Fa> exp € TPs § A) <Pe| C1- THELAD I

where, < $ilPr> = amkrA o TP % /%

E.j_ n=2

<§'1825<Bal pO<H] 1G] P2 <R 18> = 180>
¢ v v

't’.”:'t, -.b, <’
Veg’€'; 3,20 = [dg dp, Jdp, <Bilp> <pl (- TH3EAI g0

x< Gl Po><po] CI-THILA) [§0D

= amhy! j‘o(%- dp. fo!?o ei?"%'/k <Pol C1-THSE/H) | o>

« Q'i?. % /5 j

$.0 C-THEL A §o

Ij the Hamiltontan has the Form HcP, Q)= P%M + VeQ)

then the matrix element s
<pe| - THP @I StA D 1§ = kB [ - vheps, goastA] o THEA
the Fejvmw\ kernel

_a 1.?0( %l"%g)/’i
Ucg’t™s §-t) = &= f Grky™ vrdgfd?“ A% e

ndao

x [ (- Theps, §0) 3tA T expl U8 (an- 802 /K]
x [ 1-ihcPo, )8t /] }



301‘,\3 back Srom  He nfinite preduct to am exponential

2 {1_ L i-vhege, 3o S ”J} = expf %’tr)'ih?« ‘8«)}

Ueght's §.t) = ;S;P {(mk)"‘g:f falgfoly; oL,
% ex$ ( T—'. 3t [ P 3‘”‘ Ba % ‘)“?j.ﬁ:iﬂ)}
B ft i?J £dg3 exp (%‘f»;t L pwd gctJ - H (?(t),g(u)]) (%)
the:su.m over paths | dnclucking normaltzation
Comments :

| Pty . gt) ave mere vavrables of fﬂtQJrqh‘on_ , not constrammed to obeg e.o f.
a It 3s difficult to wuse %) as @ source of rvqovous thesrems.

move v‘tjo'fOVJ: Euclm‘deom sPo.cQ = Minkowshkr space,

We use  the Minkovski sgace _furmulmt“ov\ ™ perturbation theory



Confvguration sgace:

Consvder o Hmi].'tom‘m Like H-= PXn +V(a)

The momentum fttgjrds are ell  Canssran

+p 9
_r op exy(-ujhey) = (T,LTL)‘1 exp ( B /4d)
¥

with &= 8t Lamhy | gs T §in - 850/

n-\

o Vg s w0 LR E oo oo (£ 5 e {2 [ Bb ] vgn} )]

J=0

. % 2 T o :
< om Lgam)” I Jdas oo ( 550 L. 90))]

9 o~
Lagrangan of the theory
ccmj‘-;‘jurmt.‘on space 'pod')\ m‘v\tej'ra.l_

%’ . At? .
Vgt ig. v - j Ldg1 exp [ —,}-J; dt LCgerr, getn) |
= f Ldgd exp [—%'S'C?,", t; 3’ ,th]

v oAid - M E AN, - R U T At AR PR L BEY

- The transition amsplitude <nvolves all poscible trajectorves weighted with He

)
phase Factor e



Time - ordered. products

A time - ovdeved  product of coordinate operaters

K8t TL @uct) Quetad ]| 8.t >y

e(tl-t') J'“rd%' 4%3 < %»)I _tnl Qcta) 'Gz’tl>< 83't;[ Q(t-)I%I,t-><8| ,t|l %’, ‘t')

+ g(t(-ta) J‘td'%' d%a < %n)' +'n| Q(tl) ,gllt')< 3.’t,l Q(t})l 8;,t;><81:txl %’, t’)

= Bta-tD) J\ds' d-ga 8; 8, < 8'), t',' %a.,'t:.)( ﬁa.tgl 8!.tl> < %I‘tll %,,t’>
+ 0t -t) ydg, dg: 3. % < ¢t g, tin<t] @, ta> <Ga,tal ¢ D

where all operators anol states are 7a the Hetsenberg preture.

By -ngerting complete sets of coovdinate States
| 3 P

)

’ ) 3 3 A\
$ ] TD Quctd @uetd ] 1 gty = J; Ldgl ¢ % expl —;—J:_ ot Lt)]

~
'

i
number . not an o?erc:tov'

e order of the clagsteal guantities

gt ooes not matter.

Y

TR EZRD A B E time- ovdered Green Function.



Gener ating  func tionals

Constder the modfjfut Humi'.tom‘cm

Hj <P, @)= HcP, @ + jety GCP, @)

AN
.

]
any j-'w\c-tfon of the P, Q operators

R S

an qvb't-tra\'\\f C- number Function of time.
Then the Feynman hernel U;
gt £3t) <Pl OCP. Q] §o> (T3tA) = JC¥+8tL) OC P, §o) (TB/R)

To.lu‘nj o devivative oith jct=€):  source ok time t=§

. ‘i‘k 3 ” [ 2 » ) ) ‘j)
Bt 5 = <¢.t C Ryce), Qo LD
Stao Bt 5@ Ut th = gt OCRe), Gy gt -

the matrix element s
computed i the Presence
of the Sowrce.

Tl\QV\ the time - ovdered product.

) n . . ) )
ST T Oy ¢ Pctn), @ctad) | ¢, t'>,

.
= J‘[d‘?] LdgJ IT ocpcts), §ctad) pr[‘%i:dt (pg - ’k“jo)]\.j:.,

= 1_1‘[1'3: Ssjct,-) ] frd?szaa exp [ -_i_—y dt pg-h-gorl..,

Here the Sath 1‘nto.3ml. with source term JOCP.Q) serves a8 a Jener«t?g Functional
jor oJl  +Hme - ordered ?rodu.c.{:,; oj the operater  OC P.@)

For the configuration space.

ST T T Quetny gt

%-) t')
33 3 - .
=T (fk;——dm) ) J; [dg1 exp f¥£ dt [ l(gw, gt~ o 3<t).T};=o



\_ Vaviational partial derivative :

dﬂ-j:‘f'\l fv\ct‘l.‘onql. FL f(ﬂ] , wth e functien  Fotd

divide the +ime dnterval anto small  slices

- ' t
t t. st 'tq
Then
FLf§t] — FLft), -, fetnd
D
Ef| Ef.\

The ntegral = [ dt fiy — €T S

T)\q Dirac delta Function : dct-t) — -}_— &5 ) 3(0) = 'eL
~

s

T, J correspond t and ¢’

9 Fo -
Fun ctronal deviva tive : f(, = Sct-¢) - 3—5:‘ = S-:d
3 fut) 2%;
So -L ____a a—
$ fe £ 25;
SF[ J ) SF[J ) f') AFL i~ Ja aFEf"“f'\ 3:‘:'
hj L Jap 2EB B Frfiof  , q 208 ofs
i) s ft)  SH) £ f; 3 EF; £

]



3.2 Functional guantization oj scalar ffdds
the Ho.m?ltom‘tm:

He [x M g0, mon)

3
Hermition scalar f-ielo( .

3 ef\Qqu Tzatton +{o f?QlOk :

X — fd.sx
lg,t> — [ ¢, > : smul taneous eigenstate  of all " coordvaates
. A > .
boct) , e Pt x> | ¢ t>=R) | $,>
o ®
jfelol operator function ( a number For every g )

t)\en the Feg'\mo.vx LQYV\QL:

¥ )
'~'£ dt_rofx [ TToo dex) = 3¢ 0, ) |
<dp t5l s, ts> = f['l) ¢0] [DIw] ¢ 4

A z .. 3
i i)(fs. i’.) - +'FCX) * -.‘v\\Jol,OQS onlj C - nunber , ClQSJ:CQ.L
3“‘1"1’“"\ State 4>('ff LX) ‘Pf X

51‘210( COV\:fa‘J\LYQ‘h'ons $ex), Tx) !

the guantum  transition amplitude from a Field, configuration ¢ (X) at tme t;
to the configuration 4’1"2) ot tj s given l’j te sum over oll clasgical Fiald

configurations with the welght specified by the tegrand.



Path. “ntegral for Geen fumctions

¢-v VaCUUm  state [SL; n> ov I5t: outd
<2| TCO0 @) 0w - ) Ie>

N
0

f{qle( qu_rqtors 4)(:&.) ovy —p'roo{ucts at the Same point 4>"(Xq')

= 2 T d¢dy TAddD  <nrl ¥ t5)

/i\ tiad-n ' ?

wngert a complete set e

of coordinate elyenstates x < tp] TC 0@ 0060y |y ted < ¢p sl

ot tv, tg

" covresponds to an 'f'thJVO.l aver all <nitial and fmal configurations”

= y [ D¢exr] [OMn] <ql <bctj=qo,?), e D Pctiz-m, X, | D

<fd¥x ¢ T $exy - H ¢ ), Tx) )
e O(Xa) OC(Xp) --..

X
To obtain the finadl vesult, we compute < ¢; rwlsd. Sice  $) arve  the

“coordinates of the system , this v the wave function  of e vacwwm state in

the coordinate rePresentation. L Compare ‘{-c?) = <§'|\l-> M %uo.ntm mechanycc ]

We assume that for t -9 im  the nteracting freld, behaves as o  free Field

Then
A ola . . N .
. p -1P-x n TP-X +, an
(x) — (e G, + e Q W $°= W
¢ ts - oY * ¥ ) T
n . cfP - f“}-x owt TP-x +,out
(P(-X) 3 (e a«p t e a'p )

o+ o T

A A
and, Tex) = Pex) ( for t = 1p)



The above ollowe ws to write :

< - A >
aPn(o-«t) 0. J“dsx' Zt?:c J_%—E [ e +—:;—T,Em]
t2-m0+m) P
A 3 _$. 8.
See: Ty = ex> = f(ﬁ%. [ay % ivp + af ™M cvug ]
\ + P X
- (:m:33 MJ_) Lae - a3 "]
R s f L% ( " [wp
¢(x)+ 1“7?'7'['&() = CAWJA 2.0%6 _z.l w—? + »
]
; torm depends on
"?* S ,.1_’2‘
-r ( f(ztd 2 20 vy * )
o£3 PR
- a, [d J
Jﬁ(,mﬁ;-gt 8.Y xe vy * )
= L3 3@ 3D
fd‘gf ag @y & < p-§)
- o
+n (out)
Stnce a?q e N> = a,
o . vP-xX A ~ A
0= <¢,%nl Q;/“t B2 :_&;mfoe& Qw e <¢,:mlc4>+-:TPn>U1>

9:_—@ f&gx o™ @ [ x> + ~lw,,

)
semd < Fmlr>

—

wave :fw\ ctiom

Y(g.t) = <§.tly>
YL ¢X, 0] = <ty

WYave jw\ch‘omL

.5
so  <¢t]l Wt E)IY) = -3 Sf(?,t)<+’t“l')

= -7 :‘#(i,t) YL ¢ci’,t>,]

am QFT
P— T
2 5
3 5

+
g



Hence <4, 3a0i0> satisfies the Ist- order functional differential eguation

J’oei’ e__m?x [ 5D +10P4>(:\<)J <P, FplRD =

Compare ( %{ tax)far=o , which <5 solved by Q-;o.ac
Hence try the colutton
<¢,3p|R>= Nexp [-+ j'cfxdi‘ K(?.ji) 4>(i).) 43(\\?) ]
i‘t t=%Fp
Insert ato the functonal o(?fjerent-‘-.[ eguation [ Schwartz, 1%4]

Joﬁ? z"{?‘g [ -‘Foég RR.§) ) + wy D] N exp [+] <¢,tmln> =0

> fdx Q-{?'g RCZ.P = wp Q-‘“?-?
2 K 2,5’3: f% e~$?-<?—3’3 wy
Then
<ld,+m><d,-plr> = IN] Q'-Lydg"dgﬁ Re®.3) [bcm, 2rdemPr+éc-mDrge-n ]
Congider
E-)o _Ydt fre ~el = &w‘ [8 ‘r:*dt j‘-we-it + & 5‘_; dt foty e&t]

1,20_)_'0.*{_ f:‘polt fct)ﬁ»eﬂit-'- jj:"“ f“"i(?e'u]

2 [ - f*dt & [ T 4 _f:"’dt et %t

€-)f

x j‘ dt = [ftf)eEtJ —f dt f(t)e J

. -et €t
&—-f 2§y + L dt ferre - j?_lpo('t Fetr e ]

n

fFermey + fe-m) [ any reasonable smooth fn. J

T fey = +<t.?)¢<f.j)



2

Then ! 3232 (" ar oYy 2 2
_Le PR dl dt @ KLY ¢ty et D)
NE T Sz 45 S:,P ¢ pt. g

Ile e*P[“‘sE'S‘éf dsg; f:dt e—iltl 4,&.?) ¢(f,3) f(f_& ef‘?- <i>-3°3 W, J

£Wp = £ ten  RC :\?3) = 5% ?—3)

&

_de Pd¥x dix
N e 1e Jd*x ¢ix)

n

T)\is fou ows From:

)° "fnse.vt-»‘vl’ the solwtron :for R(?.j)

° 3)
2° sWp =€ Thn R simplifies to R(EFrs 872
. -gltl
3 £€e 2¢ Since t-—fvttedm,l, extends to ta Tt 5 not obviows ot this

point that B reflacement s correct. We will Justify this latter when
we s)\q,u see, move ex‘plu‘citlj the M,ean?vlj °f the T - Prescription ”.
Thas gives the Hamilton path vntegral formula for Green funmctions

. e (2
Y ffo{“x [ T ¢Cx) - M(x) + -}; ¢#c:x)]
<R| T{ Ocxa) OCXp) - } |y = IN| I Dé(l)J I DT((X)J o,

X 0CYa) OCXp) -

a
« INI 4s not impovtent, e novmalize <A IN> = 12

z‘fol“x [ T <f>cx) - Hx)+ ‘Ti ¢’<x;]
INIIJ.’I DxyJ L DTY] @ - 1

« Ha ually  contains e term Fmldon . In te Following  we do not wite

~ -~ L Al
the e¢ explicely , but Tastead we assume m = - 7E



J.erqnje, version of the path dategral

T]\Q 'if\tejrol.. ove L[DI] can be done <f :

o

| H s ot most guadratic  vn the )

by 0) do not depend on  Tix)

The Gaussian path  wntergl : L Proof see P00 l;)e:nberf’]

matrix A a5 symmetric & nm-sa‘yu]ar

Finste - dimensional  Gaussiam <ntegral | lot @)= = Are3r3e+ Br3p +c

be « guqolva.ft‘c Form , R,z 1, N , Then

g - Q) A (L LA BrBa -C
dz, - dan Q = dl‘t—e- Q{'.x mn B B
F (w)
- (A2 ) e I
= tﬁ e wheve, 3= -~ s (3
N E— S‘to.t-ionarj Ppoint
N
= T |2
k=il Ny .3_@..

33m [3=-3 =0 of the guadratk
vhare Mg ave the e«:,ewalm of Form
the Symmatric  motrix A

¢ o degenerate efjenvalue 1§  counted several times)

We mwit assume det A $o0o

Thas so.ru_ralm‘ze: to the  (ouwssian path integral , when #he ndex R becomes

N
continwous | <.e, 3 2 3ct) and jﬂ dzp - fl'.' Daer] as well as

Are 2 Act ty, Brn 2 Bt)

+d Jat d¥ At ) 3ct) 3 - Fae Betr 3t8) - €
y ID30] e

A Ah  +iSardt At t) B Be) -c
= ( det ain _) (2

e What s Act.t)™' 2 det Acttd ?

% Abe 32 = A3k > j'dt’ Act,t) 3ty = Agct)
A ~
’ .

\
ante Jm,L hernel e;jo.v\ fiu\ch‘o'k



tr A = :'-::7“ det A = T2An

T)\esc, are usuullj inj-fn-tte sums /:p'roducts , so tr and det are oefrned
when ‘B&J converge.

E L A-l.]ke Azh» = SNL’ ) fdt A-'('t.“t) A('l', ) = Sct-t)

Now we apply this to the path ntegral over TLX) :

f: D] ¢ -ifo(":x. [ oo geo - Hoo € - %u«dmtfc Form  In Tx)
by assumption . Othervise
the ‘fou,ow'frl’ s not applicable
r
Write %u.o.d’rq-tt‘c $art 0
-:‘fdf’x dty T AL 0] TLexy Tey) where AL ¢t o 8"”:1—3)
-

) e (Tex e - o, Rex
= [ det (miA[(#m)J)]ZI 1fe(x(7t(x)4>x) . 1))

r
hoe Ty s the stationary poinat of the guedratic form of T M the

exponent.

S fary (e by - R, $eys)) |

$ MO

: X
= 00 - e

cpcx) = & I Hamilton eguqh‘ons.'l

S e Fellows A0 | 7= T

- 2L
S )= 34

T 15 expressed <n terms of ¢ u.r\ctcfa

= [ det (ams AL¢o] ) ] A e 4% L g, agen)

-—

* Thas S{ve.c the lqjmnsq. verston oj the path tntegral

¢ valid O R T guadratic <m0 )



<] T§0tx) 6Xp)-- 30> = INllfJ: Deexy] (det AL ¢x3) A

. wJatx Lo g, a0.4)

X O (Xa) O(xy) «+

~
'
‘

must  depend, anb on ¢cx) not Tix)

Note : Is AL $cx3]  does not depend on Px), detIAJ can be Ppulled out of the
—ﬁa.t)\. i'mtcjrql.. 5.3,
2 2
£:. 3"(3/,4)) —EL"L¢A+ £1?ﬂ.t
a

2
3 M= At 2(FeY I - Uint

T)\EJ\ the jfnql "for'mulq,

; SLéx]
fr D) ] e.t ) OcXa) OCXp)-- -

] T{ 0 o)} > =

_rI DW)J Q’fgﬁ ¢(.‘I)J




3.3 Perturba tvon ex panston °:f Green :funch‘ons
Two known metheds to evaluate the ?ed:k -u.‘thQJrql:

1) Daiscretize Space - time lattice jt‘di -t)\.Qor\\s [ onlj 2n  Euclodean space I

2) Interactions are treated as perturbations:

Wi & -Eo
<] T{ 0cxad OCx) - J IR = lwllf[ D¢ ] e"f = -
' free. lqu%\jﬁm
(Y4 N
X NI:,O ‘;‘,—" (_ 'ij'o(l"x L‘f&t) O(XO.) O(xb) i
Green junct\‘o-\ oj the free f)\eov:j, C ch\qut}, (%3 ]

'E.o= 3,-(3)‘4>a/‘¢ -Ma.¢1) :-3’-¢(U"‘“{)¢

n- point  function : Gocxixn) = <0 | T {tx)-- ¢xnd 10>
= = s '-L s Zo[JJ|
T SJw) T 3JCXn) J=0
W)\QYQ.

2% ¢ Lo+ Jexy ey
ZoLJI] = ml‘fz Dé] e J ?“ $eo)

an external dassical sowrce JTx)

is e 3en¢ro:h‘n\j Functional of the Free (veen Functions,
Recall "
Jeyy = J’d"x 5(1-—33 Tx)

%) @)
= 8§ ¢ x-¥)
ERIND

% Texo fex)y {f d¥x Jexy Ppex)
12 L,
—

s
3Ty



2,LT] =

The path -mteJmL that defines  ZLJ] s Qaussian  ond cen be @ualuated as

. ifatx [-3 dxy CO+ 0 dix) + Tem pex) ]
IN f(%m] e I

L fdbxd¥e dox) Dexyd ey - Jd¥x (-2 Texy) ¢ex)
: lNI‘f[ D] e J SIS J

N

D(x.y) = iSMCX-J> COy+m)
D(x:p

lﬁf

J exp[ fol 4‘* (- 1J'cx))DchJ_\(-1J'cJ))]
= zo[J=°J = , Since <olo) =

1
f'ol"x d'3 Jexy Ag cx-J)Jc:p

n
.
¢

wheve  Apcx-y) = D-‘(x,\lj)
Computation oj ¢

"

BJ olej-?n?-t-‘ov\ oj the

Tnverse :

e J 7 AFC}'J)-"

fda 78 %x-3> [ Oy ¢+m'] D"c;.\\p z _Yd"g Dex,33D7(3.y) = 8 ¢X-y)
% [ Q& * ‘} ‘\‘j)
S'OLveol Lj Four ver 'tro.'\sjo'rmn.twn

"

J\d‘l- Q'.L? cI‘SJ [ Ux + }yl?] 1 AFCI'jJ

(-TpH)* =

-1;‘ L 1ntﬁrqte bj part twice]
. j\ " TP CX-4) . Y
) d'x e AF(X-J) = ‘P%'Mz
dhp  -tpexyd oy
R
> PO aro* € Pmrie

L FQJvmqv\ -}rqu\’ ator ]



[\ R
Con-?uto,-t-s‘on oj the, _free n- point \funch‘.n)

3

1
- z  — o[
n- 1, Go3) ol o 2[7] ,I;
: 13 { -;‘f'd"xd“y Jex) Apcx-j>Jc3)}|
i 333 J=o0
|
= T[";‘ fdfj Ag (3-¥> Ty -%Yol"x Jxy A (x-g)] Za[,T]IJ_;o
= o
Comments :  the a-Joint function vandshes for any odd n , since theve s Qlwqas one

Factor of T Left and hene ane Jets zero for JT=o.

T)\'CS also jollows Jrom  the th:t that f[ Df] Qtstﬂ 78 even uncler

dexy 5 -px) , so te Tategrand  with an odd wumber of (%) vantshes.

n= 2 | L ;
s s - o, A%, Tz Aecdi-32) T3
ol TEpmapypley = 5 =0 sag ¢ ) J=o0
s

R {['7‘5&‘* B (y-32) Jcza) -2 fa%. Jao Arcs.-j)]

xexy [-sl" j‘d“s\ dyal J-(a') Ach'_aa) T‘anJ} J._ o

Apcj-x) + 3’- JATS (I-J) = AF(I‘J)

Ky

-y

to Jet o n.o?\-\)qv\isl\fnj term jor JT=o

need to diffeventiate the T tn the fre-exponential fuctor,



i $; = doxi)
o LS s -+ Tx Ar:xj Iy
MU TIE R TIR = — 5T, s ¢ . ’J=°

n=4

i
Ay By = fd“g Acz> By

\ —
.8 & 5 a A -3 Jx Orxy Jy
= 37 3% 3%, ( Jx Qrx4 e ),J'so
s_2 -2 T Bexy T
S A A [(‘ Besy + Te Bexy Jy Beya) € 37°7FY 3]J=o
s

S—J-l [ ( AFS‘I- I} AF&). + AFQ‘-I' J-:j AF33 + Jx Aqu. Apgs - Jx AFK‘P Jb A'FJ; 3-3 Aps; )

n

X e-a’-Tx Aexy Jy ]JN

Dpzy Apin + Brpas Dpiz + Apiy Apy

= 4’: ¢, 4’3 4’4 + & ¢ & 4’4 t d 6. b ‘h,, where. 4’; +:i = Ap(Xi-%5)
e =t b_.
X Xy Xy Xy X Xy

X



Pro?qjo.tor- oj e complex scolar jx‘eld.

Free LQJYMJ‘E"‘ L= PP %P - meTP

Generats "9 juv\cﬁov\q L

(o € Lo+ T+ 3% )
2, LT, T%1= IN] jto:}«n LDo¢'xn] 21f
- D

sndepaendent integration vardables.

Wreite ¢ = %; (¢ +7h) and use previows vesults for Be real scalay Frelol .

T)\'is gives
*
%1 _ —Id"x dqj Jexd> Ap (I-J) Ty
Z2LJ, 7 1= e - a
) :
ne YA here EchtlJ the same progagator,

So generate $,¢" an Green Function L:j

1 s " 1S
4>(x) & 7% i P e 3o

and , <n —po.rh‘cmlqr

x> geyd <ol T{d0 ¢p}]o> = o
—_—)

0
Q

$ix) &33

—

¢(x) 4:3) = <o| TY ¢ ¢*c:ja}io> = Apcxy

L |
= ;:—4—. “an arrow on the fine to tndicate that ¢ at x
N|
and ¢® at 3y Y
L9 | —px Lt APX
= —— ( Gy e +by e
¢ (x) fczw)3 J'.FE; ( 0y $ )
* 3 | . -
¢ ) = j”” (0;%1?4(1'51, P

(31()3 JJ.\D?



Perturbation expansion of Creen functions n the nteracting theorves.

L; Lo + £'1:'\t
.,_'J‘o["'x( L+ T9)
ZLY 1= yID‘PJQ
= fED‘PJ e'ffd"’-‘lt
" 13
Cexy, -, Xn) = ] T ¢z - ¢ R = ;E' T dTexw) L3 J=0

Same expansion but ¢x) I not a free Freld.

Now asSume the <nteraction s wexk . Then

a*x L
J ¢(x)  PlXn)

[frop1e®
U
= f LD Q‘yd x Lo h:’:io % J’oﬁ’g, o("g,m S:.;“ (31) o -E-i.\t(ém) qS(x.)-n $(xa)

N
’
—

l A §
free lagrangian «po'ﬁnomm‘ml. n the feld

[\ »
Each term an this expansion s o path 'tntejrai ™ e free 'tkeo*J.

From the oliscussrion Oj the e ‘(‘)\Qo\:\j we bknowy Hhat
s jd*x Lo
frog1e Chia

_ f}\{s s sa‘m-f,l,\\j Q Jencrql, vesult fov Gaussran -Cntejquc with 'poljnowtal. Factors

x 'pol.jnomn‘o.l. oj 4; = Sum °j' «l|l non- vqniskn.‘v\\j contractions,

Ly j‘: D$] e L G . Prxa)

) sum of all contractions o telds
= X T:“" qu y ses dj"&,« X W j‘ j F
§ ) i Lont ) o Lonetam) e oo pea)

m=o

Since Lant 45 gmall , the sum can be truncated at the order of e, perturbaton

expansion desived.



Example : 2- potnt  function ¢3- G\wg , ve Lint = --3?.,- ¢ [ g<<1]

0(3‘.) : — = Agp (X -3)
X, Xa

o : 0 cannot get a rLovL—vo.n-tskfnJ contraction of § :f-felols]

¢ Pcxa) 4)3(3) 3

oy - contractions of  Prx) $X.) cFng 4:3(3;)
"= 5 distinet  possihilities
X X,
) —
x-3.3-(3 ) Af - xﬂf*" A3y Bpcai-3.) Aeced”
o
:tl Sa.z frow\ )‘.!
X X,
(2) — e

Ly (R arcu-xo [t da [ e ||

3t (—)3_\

b Y Xy \:,
““O Qs—" {-2-3-3 '—13) j“ov* v O (x-3) Ap(o) fd" 2 Op(X-3:) O (0)
3 2

oY or

5) w
3 . < G G x)

~
.

:ﬁrocluc-t °,j; one - pornt juncﬁons at 0¢9>

> 31'633: H\qu -1)03! 3b3 ll‘t'ce[ to connect 3 teo 3a
Borad L: - ¥
>~ 2 3 3 b)Y

x 3 I Y -3 - 3!) qu‘»d%:. Ap(x-3) Bpc3i-%)
] ( a . :
] )
aYS -2,) A
°r & three jossibil:ﬂe, to X 8 C31-3:) Afl9)
co'\tYQCt x) 'to 3( ,

than two for X, to 3,

(5>
x & R 12-3-3-2 (' ) fd¥3, d¥3. A cx-3) Or(3a-%)
or or
32 E-Y)

X Apc3i- 3:)‘\
(1), ()  are dvagrams with disconnected wvaccum ‘];olwrfzqh‘on sub o(quvqms . T’\Q:,

donnet contribute to the 2pt Functions , because eme alse needs to expmd the

denominator in He olejinwon of 2.



ifol"'x < £o + ~[1?'\t)

j[D?J e =1+ O0—O0 + &© + 0c§*
> Gex,x) e ¥y G 2 .o
(X, Xu 3 (X, Xa) + ) (X;) + +
2 " o
24t function to S P) AR CX,~Xa) : ! — —J
disconnected part connected part.
—
. 1P1 ( one particle irredwcible) ;  cannot be  disconmected,
_/

b\\’ cutt g t)\roujk any  one tatermel  fime.



Creevx jw\ch‘ons conha‘m‘n\’ 'c:om]ao.srtq opevators

Now <RI T 0tXa) 0¢X)--}IRN>  where Oa -~ are not nace&sm’\‘l:j stngle  frelds , but

products of fields at the same -potat. Such Oa are called ocal, compasite operators.

It s eident how to je,nero.lm‘se. the vules

‘P(x‘) —_— Q(%a)
external pornt to which

one Rime attaches

n Lenes f Oa contains

'_.@ < n jf(lh .
X, A Xa

relzst of the diagram .

Aja't‘n construct the Sum over all contractions

Examsle. - % ¢? theory
R T ¢ 4><3)}m> = OL]’; at o
Ptk

and, <>__)_. in momentum space
$a

R [exto.m«L momentum P, = ?.'l-llf [-k] at 4:'2 vertex J



qu_ T* - -P'roo(u.d, and com?crrv.‘son with e operator :onle'fS"L

T}\e_ dertvation oj the lQJ\'o.ﬂj‘fw& version °j the -po.tk. —fntesrql, TQ%W?YQO(, that

0(Xa) , O(%p) --- do not dQ.‘PQ'm:L on  the CO.non‘l.‘CQlLJ conjuﬁtrte, 5fel0($, Since TL

contatas ¢ , this means that Creen fu.nch‘ons 'fnvo)_\)\‘n\j dupx) are not defined
so far. This v olso velevant when Sint degends on ud , since after expasion
2ud appears n the -fmtej'ro.ha( Like OcCxad, -

Definition :

sl T2 Yy 3 9F <l Tidon--Fiso

0“‘:5 m=0 Cowser roblems and. needs definition
8_3'0 é [ <1 TTbx+ety -~} IR> - <l T{¢(x)-~-}ln>]
Note: <0l T{2:4m)--FIR> exists — we only did not know how to compute it as
a poth  integral . However, the obove defintion (T¥)  differs from <RI T{20d00-}15
hence, te notatiom TY For a modifved interpre tation of -Hm.—on(e.rivg.
To see this , recall ¢ For twe Fields) : T? A ch} = 8¢x™- 4 A By
o 0
) Act\“nj with 3,  outside of Tl-} differs +8cy™x2 By Ay
from action. ow A or B b\\j the operation on
e 8 - function |, which generates Scex®-y%  tevms,

Examsple :

1T 2udeo w0 ind = 25 <l Tié0 depYiny - <35 8% SMm-J)

—

= @ T { dudexd a,,cbc:p} X))

~n
i feth dntegral vepresentation

< 9%
'NIxJ\I Dé3 Q'tfdx{_ 3,;.¢‘x3 3p¢(:j>



X Y I T 4w ¢y 30y
= a3 [ aex™ ¢ ) + Bey-x2(bty> ¢exy) ]
= 3 [-S<x°-5°) (PEIMYD + 8x%yD) < P J:c:,); +8cy=xT) Ly o)

+ 0cy%xD <o o> ]

n

- 25 5¢cx™3") b g> - Bcx=y) < $cx) pepy+ 8ex=g) < e ‘}Cj’)
+ e<x°—5°3 < écx) 4:(3)) + 35 8(3‘-:&") <P pxrd +Scy=-xM L $eYd %cao;

- SCx- Y < by > + By ey foxa>

-%@Scxo_f) [ <peopeg—ryrgexad] ¢ T[4.>CXJ 4;c5)} >

- 8(:("-3"3 <L écxs, $yr]> + Scx“-g"a {C ¢, <f:c3>] )

- fx—° { 8cx°—5°) C L ¢, cpc:p])} + Scx"—f) (€ écx), $y33)> - S(x'—’—j_) {r tf:cx), $p3 D
— —
=0 stnce [ ¢(tz?), ?(t.\?)] co

¢ ST (L, THI) + < TIdcw gy

i 8ex®-y" 323y + (T{ ém dep}>

2 (Tidw écj)} > = 233 ¢ T ¢}y - 75%cx-y)

In tha »qu)\. integral vepresentation ome always  uses the TX - $roduct

stnce T 2t net alwo.ys oquz‘vueo( e J.Q,Jmnj-tm version.

Ij 0CXa) oY i-i‘ut does not contan r{> or a),.cﬁ ) then T* add T coznsdle,

In the jouw\‘nj we odenote T b\\’ T g



\\Com?tu'q\son of the path integrel oad  operator fFormalisms, 9

S-!-o.vh“nj Porat Lz L+ Lo

\ 3° to Tateraction ?-&fmre
N

H - HO,I"' vl
) T f ott) 00%) - IR <] T § O(xad 0Cxp) - J (N>
s ftx L Y T
) Jroe3 e“y 0(Xa) O(%) - _ <ol T§ Ox(®) 020%)-- @ Ve 1)
fros3 oS ol Tf NtV 1),

Feynman’s 4 ath 'in'te\fjfal Formuda Gell -Mamm Low Formula
o parturbation expassion fnuolues o perturbation exfonston uses Free fFields dn  the

Gaussran iv\‘l'QJrqI.s mteraction Picture

The path - tegral representation % manifestly covartant becawre
o) Lot s, while Mt 45 mot
b) T™* <5 , while T 5 met
Nevertheless bath yleld  the same vesult as fong ag Oxad-. do not depend en s,
An f&trese&tn‘nj sttuation  artsec, 'fj’ -Efut contatns deyrtyatitves C but the O does not)
Constder as an example o scalar Jreld with <ateraction
Lt = -3 T#0u¢
where, T/ depends on the other Foelds. (<f JIM = 427y , s woulo, describe
Be Anteraction of an electron. with o scalav Freld Sudt interactiong do not exist

in the Standard Modeal , bwt -(')\ej olo Tn Qxtenston | such as the SUSY. )



Wanted T { 74x) T"cj)} I at  oc3H)

A)  Path - tntegral  computation

ifd"x-ﬁo N
frog1 e 3 3.60 2 6Cy)

which s exq.ctlj 418 T*EBJ,JPOO -1 4?(33} I

2

ond S  covarvtawt.
B) Computatton. 1in the operater formalism

VI = 9 J'Aal,_ch + 31-313':
~

‘non- covaviant term  , because

TL:‘E"JJJ , but 71'1=<f.>1

—

aL .
=% - P37
then é’(:TL.;#-L

Tem+97) - Lo+ 9T°(Xt3TH 4 9T -7 ¢

(U

a a N
TLl--S‘-(T(.'l-jJ'oJ + = (?4’.) +:;L"'L<i>a+ 29 X J +313.°1_33?.

T -T3T° -3 T + (T + M + YW+ § -3 F-

1]

n

H, +gUI°+ 293 +37.7¢
3 J

v
In the interaction prcture, Vi= 3§ 4;,1 7. %_Ja T 3 3. ?4’

= 3 3}*4’1 J* + .“1"\’&3-: ,



Gell - Mann - low j'-ormulq s-fw.:

o + .

Hocal term — contributes onl\-f Jor x=y

N
U T § 3be 24} IS0 ad  Jor pmeveo de to Ty
° (7]
Co\\tq'zﬂs o yun\-co‘\)a.Yt‘QNt tq'm % + 1: 8/‘_ 809 S (X-\'-’)

-7 S‘;,_ 5% Smm-J)

T)LQ two non-cCovartant terms concel and the result s the same a§ . A) ,3

—

Consider the ;follouz‘nj corvelation Function :
o| T§ exp [ - < fott Hont, 26233 10>
= 1 + c—_'l—il)-lyo("x d‘:‘j J74x) J‘“cj) (Tf%:ﬁm a,,cjacj_)}}
- j&x -g: L Jexo]?
= 1 - _3-’ Jdxdby J#exo Tep [3;33 {TI byl -0 818\"}.‘5“’“—33]
- < %2 _Yd"x d%y T 3\"633 Smc:t-:j.)

]



Connecfed, o.ni one - ‘PQT‘t'l:CLQ. - ‘i‘rfq,dMCiH,Q Ca1p I) CYQQV\ jum ctions

2LJ3 - jenerqtfnj j\mct{onql, oj N~ point 5unc'tt‘ons , jx‘vev\ L:S all o(z‘njmms
without discomnected  vacwum d.'L‘ijQJ»\g

But (] T3¢ - ¢cxad} ) still contatws duscennected — contributions

Q.9.
: U T g pexd}ins D “O0O—"

CO)C X) C(‘)( X2)

- »
Disconnected contributions are s koueuzv, not relavant to ch,tten‘ns Processes

Example < ¢ ﬂuamj For 2= scattering

N
h

does not correspond to a 2933 S‘Cﬁffey‘fﬂj +$rocess

Haonce, wowldl Like to defne  a Jemrm’a‘nj Functional d-?fec.tlj For B  connected
n- point fw\ctfom.

T)\.Q. dﬁj‘fuiﬁon Oj te comnected, CGreen Juactron X 31‘»@1 Ej

Gxy = GCSex)
[
Gexixay = G exi,my + Goex) Gxa) defuce GCex %)
C Cc <
Gexi X X3) 2 G%xty 1 x) + GlemxdyCGexy) + Gexmx) Cexa) + Glexa, X33 Cex,)

+ GSexy Gex) Gexy) defne Glex xa x5)



T WLJ]
Definition. of WIJJ : ZLI] =

Then <TWIT] 45 e generating jtmcta‘ona.l. of connected Greet functwn | that &

c t S RS -
C s € LR Xs =z — * s o
G ' ") T 8Jcxi) T SJcXn) TWIs]

J=o

SQQ : 501' n= 1

Gex)

| S Nan s S WE T WLJJ
i 83 ZI‘TJ’J=° ’(i s30TV e

~(C g%,
< {043 Q«.J‘d w ¢ L+ T4)

8Jx>  [rdél 'S

S‘[(MPJ e’s

I
o1 J=0

(Tpex)

(
<

J=o0
= (b IN)

j:o'r n=2

Gex, %) = -':J——S—- [(_l_i iw)efwj

c <
T-o + G CXe) C cxa)

= et X)) ¢ <PLxdd L ek

jov n=3

For e jrez scalar jfelo(:
TWLLTJ = In ZoLJ] = —;—'j\d"xdz’\j Jex) AF(I-JJ J'cj)

=) T)\z ov\lj non-vqm’s)l.irj Comnected, M- Ppoint \fw\ctfom i the Free -l:)\eo:j

is e APt Function Gexi X2) = O (X~ %)



Ej:jgcﬁva ac tion_

While. the connected Green functions are important For scattering theory , the  Green
Junctions  olefined LJ one - partede - Prreducible ¢ 4P1) o(1‘q3ram arg, dmportant
for remormalizatven 'B\eorj .

Definitron : c diQJrqm s 41PIL -fj 7t oloes not ;ch-L apart nto two olxs connected,

olfajrams bj cutting  an wnternal  Aine .

Oo— P

not 1PI1,

E:((LM'}Q«.:

This s 't}sm the only  contribution
to the 1PI 29t Functon at
ocgy in g ¢ thory.
The generating Functional For the 1PL  (reen functions -Plays an mPortant vole For

spontaneous symmetry Breqkfnj.

A
define ¢y x) as the vacuum expectation wvalue of the operqior ¢ix) in the

precence of the current J:
A

(ﬂl‘P(x) |R>J . Y
<IN 3Tex)

A
3
|

can be nuerted

¢y x3=

WILJ] (%)

define Jex) as the cwrent for which (%) has a prescribed value o :

¢ exy = ¢ if Tw) = Te



Define the effective action a5 the Lejendre tramsformation of WEFJ

PLé 3= WIR]- fo("’nc);cx) ¢ ) (%%)
FL$]  sum of all conmectedd 4P1 ols‘quqm: in the presence of Jg ¢ see latter)

Tlxo.v\ we can compute

SPLé] , [3weal  Jpep) w STep _ ]
z de[SIcJ)L_I S?tx)" d\“} S $y) J:#(X) = - Ip(x)
1T
= ¢y
Hence  wvalue of ¢, ore given by the sationary point of T

3PLe 3 i} i
$¢ x =0 Jor J=o

Comments:

e @om, jov axtqrnql f\‘QloL ¢ , to.b€h3 3uav\tum corrections ato account

FL¢T  was introduced by Goldstone , Selam, Wembery 62 I perturbative
definition , swm of 4P1 comnected oliagrams ]

* Non- perturbative olefinitin (%% given by  Witt ‘43

« ¢, = <nl $ IR =06 an a simfle +)w<>f3 ¢ e.3. GED)

o TL¢T for a free scalay field, L:=-1¢C o+m'] ¢

Then  aWITT = -3 Sd*dYy Joo Apc-3d Tep

QWIJ]
2 Tw)

[
o+ m

$c0 - Tp) 3 Jgx) = (O+md

J=J¢
3 LT = J’o(l*:x [-3l4>(l:l+m°)+] + oo

the effective action 4s sdenticel o the classical action  for a free 9\@073




iP1 da‘qjmmns From Pré1]

S PL¢] I Cc-lf"aj)
S Px) dPyd ~
$cx 4>3 44 .

From 1id32 :)'1, (x) we  have

comnectedl 2-pt

Ii
Grean fn .

See : 2
’ rc
_ 3] i Sch—j)

‘fol" S $(3) $rces
STep) 3430 ¢y

s WI Jel $regs
S Jeep $T33) 343> By

isw ) ( —S:P ) ¢ an abstract vepreseatation
T axe - * c io
834 V8T yy \ 8P 3¢ /3«

]

[}

~,
C o

<o padT = Geey zd

conn

_ |

To evalvate )n‘jj\er order olerivatives of PLPI | we wse the den rule.

S_ - ydq"d S )
3J3) R IR X JaN)

<8 WITJ S
I$w)

T ydl’w

18Jczy 18 Tcwd

S
= (% @lez W
y ¢ (3 s b

So . ) .
TS WIT] ( s PL$] J
-ISIxiSTJ S Pcx) S4><J)
2 -1
i . s L]
> WL [t Gl 2 [ s ]
18]x 187y 3J3 3¢ L s 3¢y

s
)

connected 3-$t fn.



2

= 1 G §4>.,, [(s:s';)-,LJ

o [ [ 5] (G,

3
T o\ T . T sl
1 Cc,gw 1) 3 Ge,yu -1 Cc,u:j
3¢,

3 54, 5%,
. J J T sl
¢ Gege Geoo bovy 750 50
w u v

n

T)\quforq_ ,t)\e obove egn 7S X pressed. o(a‘ajrq»\ma-h‘cquj as

|
-
3 z;

T)\aw.jore, , the 3rd  derivative of TPLP I 45 Just the connected, covelation Fumction

with all  three julL Pro Pa gaters removed 1PT  3pt Fuaction

i 5Pré3 oo b o
3¢ x) 3¢ ¢y) 3¢ ¢=+: NER 2% S PP




3.4 Symmetries n the path 'fr\'l'ejr'll. Formalism [ Peskin 9.6 ]

$a :  bosonic fields, n can be any index Leg n  scdar fields]

ZETa 3= NG [ I0u] exp ( ©STéad + +fo% Tudn) %)

Constder the -t«jinftesfmql trangformation °f Tategration varvables

Pax) = Plex) = Px) + €Fn[4>,,\;i]

‘i;ossﬂsle, Qx'p[fca‘t 0(.¢-P€no(¢nce,
T)\m velabel He -tntejra:h‘on vavtable :

2L Jn]

n

Nt [ ED92T exp ( iSTHRT ¢ afak T g

ING [ 1043

o dbeap
EX N ¢E5)

+ fd‘l' [ SS[@\:L 84>q(1.) +7 \Tfl(x) S¢q(x)J + °cg')}

EF-\

exp { ~SL¢ad «cfo(“x Taa

The, Jacobtan can be vewvitten wsing P det A = tr A

, “)
l o(QtM | = Qrp[ v fn [Srm' Sq?x—j) +e M]} -8 (x-y>= %"3,,3

3%00 S¢.\ ‘
space time
S Fw [%(3%1 j’ . ok L‘fﬂ(ﬂsl] a2 volume
= t —_— + o(
: 1+ € : 5 ) = 1+ ¢ Jd'x T B ocg’)
Zact+xax ‘

This <s a trace dn n,
e¥n 14x

Then

R . 3
. N —
and the continwous wndex pair, x,y e T _rolx

ZLJa]

[

IN J‘Im}.\] exp (1Sr97 + < d* Jndy) { 1+ Sfd"ac [ T SF,.;:.\(::);::]

. [ S . *
+1 ( X + tha) Fol %cn,x]] + °C83j

(%) [ stnce the starting expression with ?,’._ was or\lJ a reﬂq.lse.“.fvs of ¥ ]



Hence

YEON Q«;S’nm»f«:\fa‘&ﬁé« ) _f«i"& {

T ) F’lL%Sx:[ . 38
+ 'v( +J',‘cx)) Fo L acxd;x ] ] =0

n 3n(x) 5
I

(+)

contribution from the transformation of the path integral measure
Bj fvmc-tt‘on&l, ols Y |
tfferentration with vespect to J
w  ome can generate <dents £ b
(-Xy etween

Green Functions.



Eguation of motion for Green functions

ClQSSfCQ.L Q%uq:h‘ov\ oj motion

I N T N Y
S 3hw T 20pw)
eg. 507_ L‘ ;(3)'#3)‘4’ m_+) - Z:qf’ : (3;+Ma)<i>+ %4)3 =

3S

In GFT m 1§ an operater , T)te. e.o.m, su.:,s that  this ofrrator vanishes

in the Sense tat all its matrix elements it the sface of states ( Fodk. space)

vanitsh, But  what about

S
T { 54,00 n'(x.)4> (%) - ,‘chm} > =0 1
Answer :  olmost true, but not f x cotncides ome of the ¢

To see this, we wuse

~S[ ] ) d\l" I'\#r\
froay SRR e

S Faldn ;% . S
B e (e B Rbhooss] } :

For  hx) = duexy + Eatxd . ie. eFnldm;ix] = Eat

SFvL

. F«L 1ndz'ﬁend.zv\t aj 4>!'L D % S

teym.  vanvshes.

o Ea0 o.vk-ttrqrj Functron, D The, ‘it\tej'fqm{ of j‘d"-x must vanish

~ nd +7) A% Ta,
5 0= yID¢JQs:¢J+\S‘xJ¢ [siu‘f%‘“’]



43 e % i
Now take T T T S T then set JTng=o

A
Notatvon ¢, (Xs) means that +this Jiedd s omitted dn de List.

Get :
88 N “) ~
| T 56,00 LER IR ‘1’n~"”3} IR = = 49 B cx-x0) S LR Ty, @ Pagexed - b, x|
=1
The mn-vanisl\fvlj right ~hand side arises Jrom A S §“x-%:) Sang

T 3Tnsexs)

E.j. ‘5‘7\(¢‘* thearj , n=1
a2 A 3 .l
<l T{L-m) ¢ -5y el dep Finy = 18 cx-y)
~ !
i
can be pulled -in front of the x‘v\tejro.l, ( stnee T
i the path -Entejra.l, fow\oi't‘sm. means TX)

This establithes an exact velation between <RI T§ ¢>3(3<J 4’(\\53} IN> and

¢r M) R T § b ¢pliny . To all order i gerturbation t}\ew\\’ the  former egu.ql;

o deritvative oJ; the  two - point function.



Internal symmetries

fL(x) = ux) + € 6% FRL éml] &~ no explicit dependence on x
Internal 5y t'LrvLe.'h'J means (#)n(x) = Dm(e) Cﬁ,.\(x_) but no transformation ﬁ: the
SPace —time point. <.e. no J.oventg - trans formqtz‘ov\ ov transfation, enb a votatiom
in field space . 8% a=), ., dimG pavametvizes the transformations of e olim G
dimenstonal s j mww.tz;\j group G.
ExQM?-QQ : Nz, N , 7. N scaar j-\'dd: and L) Symmetry
4’:\(1) = L Q{SGQTQJAM 45,,\(&)
-::f“_":tesrnql. co” Falgm] = e6%3 Tv?»\ $ax)
trancfor mation

For the moment assume that 6% does not depend on X

Trans formation s a SYymmetry  mears : SLéad = SLéal

=2 . bpb - y, _8S «
o 0:25SthIs 2R ST e RIA] = Jat el LN

rule

> T’gQ 23 term  <n (+) vanishes.

5%

Now dlas t-tnjm‘s)\ two cCases:

1) The path -in‘l:eJra.l, measwre 15 not invaviant wnder Hhe Symmatry trans formation .
e, T o . O het the ; los. The acte
i.e. & 5. ¥o dn ), ne  says that s\\jmme.tVJ vs anomalous . action
S ws dmvartant , but the generating Fuactional ZIJJ <5 not , that 75, the
Symmetry s not Preseat in He guantum ﬁ\eo\:’.

3) T)\e ?cd:)\ -Cn'l:ejreut measure s varrant . Then ) Ss‘m?bj:{e,s to

cratn e
Trogd o SR VT e T FaLguen] = o



vesults s the Ward - Takahashi <dentities :

é < T G0 v oy, (403 Fy L biatad] bny,, Fand - G LD JIN) = 0

~
a\fte'r seft-fnJ Jn=zo0

Example :  LO) symmetry for & complex scalar freld.

Sc# = <6¢ -ftj) “f n vefers to ¢
Fn[+] =
S:j)*: -138(#* --a,‘cj:fr i n vefers to ¢7
— (U T § e $lexatiny - <RITS ¢xd ¢fexan} 10 =0 tyivial

U T ¢ ) dexpp IRy + <R T{ dexd dexay dexpddisy
=< T§ exod ¢ena) ¢z s =0
+

D LRI T§ b ) P }is=o
In sej\zro.l, : all n- point Junctiong with an ‘KI'LC%\m.L number oj 4> and <F" :f-mlcls
vantsh . In a SCthQanJ processes  this Implies that the c}w.\ae. carried, bj the
¢ portide s conserved , consistext with the consevvatrion of the Noether current
Ij the s\tjmme.tg <s anomalows , one derive anomalous Ward <olentities From ¢+) 53

'hee'y g the z g.—-';:\ term .

A stronger result can be derived For non- anomolows symmetries  for ~n Sertions of the.
Noether curvent -ate GCreen \f\mctt‘ens, For this purpose , assume 8%= 8%x) depends on x.

The action will wn \‘jeuml» no -eon\,er be tnvartant wnder sudt @  focal tramsformation.



fd"x Sstim FAL $a] 8%y = —fo(‘*x [ ] ten] 8% (%)

.

Q o
— E - )

J)";q(x) =

is  the  Noether current covresponding to the global symmetry tramsformatvon with  8%x)

—

J’d“x S¢ ” Fn. L 4>M(x)] 8° x)

j\& [ 3%"0 -9 L] Fllgex] 8%x)

M 302 putx))

) 2 Q _ - q
= J‘Ol‘*x 34;() F'\ E¢,, =]+ 2(3/44"-"“) gl*F'L Ech*u)] af"‘[ 303 %(x)) F'\E‘PM(I)]]J 6o

J

LCdareaFY, 3 (tw+e8 FY) ¢ @Y : x Tndeperdent

sae“

+ L Ccdd, 340 - Lcda, 30 ]

TSQQ = aﬂ'K)«Q

= _ro("'x o [ K)‘Qc:x) - % F:E‘Pn(")]_] 6%x>

Vs 3 Patx))

For f-telo(. con:f«:juro.ﬁon.s smtfsjjfnj the jx‘cla(, eguationg (% :o) <t iﬂ\med't‘q.telj

:fol,[ows since B%xy s an afbitrcl:j function of x. Hence +he

j;: =0 )
above, -j;rom‘olo.d, an alternative derivation of Neethers theovem_ .
Now wuse, (%) n (+), and assume the Slobo.l, symmetry S non - anomafows . Then

j\EthJ Q-iS‘+ ifd% Tndo { _ gt

where, we used, that 6%x) s an arbitrary fn of x , so tht the inreqrand of S must vanvsh,

\j;:: L] + Jaxd F:E‘Pn(x)]} =



To_kinj m devrivatives -;I- §

ST js‘ves the Ward fo(ev\ta‘f:,
m

X <l T f.j:l:#..txsj $a, ) s G O FIND

-~

LR w
e 'kz-l S cx-my Lol T S 4’"‘(:‘0” 75,“_'(:!&.,) F":E(Pm(m] 75'%:“”')'“ 4’&4“"‘)} UL)

te. Lk jw the Qguation oj motion %\ 2o , the Congervation c:f the current 3"‘\1\; =0
holds :fov- e nSertion dnte the Grean Functions up to S- Sn terms where X comcides
with one of de Xp . These S-fn terms are called = contect tevms”

Note, : -n the abeve <t matters that T octually means T* otherwise we could not pull %

m fYon‘t of th T sjwdaol.



